
LINEAR RECURRENCE SEQUENCES

Fix reNt
, by ... brek ,

arc Arc .... ar1EK .

Consider the sequence of complex
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Ro , &1 . .
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We want to study properties of
this sequence.

Consider the matrix AtMr(K) given by
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and consider the rector
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Drop En30 in= Ano

If vi= Anto

~2 = Anz =
A land = Ano
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= Anz= Alano) = Avo
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PopThe characteristic polynomial of
A is

Pa(t) = det
(A - +1) = (- 1) . (t - (bzt

-2
+... +brst +br)]

If Omitted . It follows from the properties of the

companion matrix. A



Algorithm to find a closed formula for an

Write the matrix A.

Try to diagonalize A : compute the eigenvalues and the

eigenvectors of A . Try to find Me Mr(K) invertible

such that D= M-1AM is diagonal.

Then A = MDM-2 ,
so A = MD"M-2 for all 1,0.

The powers D" are easy to compute
because D is

diagonal.
Then

Nn = *"No = MD"M-2so

Read the last entry and get an in terms of
n.

If A is not diagonalisable , then you need to find M-Mr(K)
S

.

t . M-IAM is upper triangular , e . g. in Jordan form.



Drop In most cases we have :

Ant = max((x) /X is an eigenvalue ofalime I I
If Assume that A has

distinct eigenvalues x1 ...., Ir
such

that (x11 > |x21x ... (r)
.

Then A is diagonalisable : FMEMr/K) investible
such

that M-*AM = D = diag(X2 , ..., Xr) . Then
A= MDM-2

AU = MDVM W = MDUM-Eso ,

D = diag(X2, ..., x)

So there exist <1 , .... Cre S .
t

.

an = CX2 +... +c Enzo. Then

n+ 1 n+1

x



= x
.+

...c)
-

3 +((X) +... +c)
For j = 2 , ...

r,1 = him (= 0
Now assume C270 , hencelim/ =Nel.

Remark The strategy of the proof can be used to compute
-

lim (A) even when the assumptions are not satisfied
a



What happens if A doesn't have r distinct eigenvalues ?
Let X2 , ..., As be the distinct eigenvalues of A ,

i . e. the zeroes

of P(t = (1)" [tV - (bytr-2 +... + bret +br)] .

For each i = 1, ..., S ,
let mi be the multiplicity of X ; as zero of PA.

Then there exist polynomials (a(n) , .... <(n) such that :

· deg <(h) mi Vi= ..., s

· Enzo
,

an = ((n) . X +.. - + ((n) . x

Since the polynomial ((n) has degree my ,
we can write

mi - 1

ci(n) = Vi
, 0
+ Vi

,
1n +... + Wismi -an

The Vij can be
determined from knowing do ...., area ·


