
I = 50 ,
1
,
2
,
3, ... 3 non-negative integers

2 = [ ... - 3 ,-2 ,
-1

,
0
,
1
,
2

,
3
, ... 3 integers

The symbolsI,I are equivalea

The symbolsare equivalent



* POLTNOMIAL is& anz where do ...ad

A POWER SERIES is a sort of an infinite polynomial :

Zanzanz = EanHEIN

where (On)nzo = (an) new is a non-negatively indexed

sequence of complex numbers.

A polynomial can be evaluated atony ze
K .

+ C

The set of ZED s . t . [ anz" converges is called the REGION
n=0

OF CONVERGENCE of the power series·



REGION OF CONVERGENCE OF A POWER SERIES

indexed by non-
negative integers

&
Theorem (Cauchy-Hadamard) Let (an)no be a sequence of complex
numbers

I

Let R=i,
n- + y

Let = [zlanz converges) ·

Then :

· if R = 0 then T = [0]

· if OCR > + O
then Ezek/IzkRY @Y[(zeKIIzIERY

· if R = to then P = K



POWER SERIES AND HOLOMORPHIC FUNCTIONS ON AN OPEN BALL

Thm Fix r E(0
,
+ c] and p-K .

Let Br(p) = Ezek/1z-pkr] be
-

the open ball with centre p and radias 2.
. Then there is a 1-1

correspondence /bijection) :

holomorphic functions
&CaninpoltimatPr E(Bulp- 3

n+ + y

Br(p)- K
(an)nzo -

+y[ zmEau(z-ph]

( In
# [f : Be(p)- k]

Note :p= (p +set) (scity-d7 where s is any
real

number s
.

t
.
OSIr



Properties of the correspondence between power series and holomor
phic functions on an open ball

=

· ADDITIVITY : If (an),corresponds
to f and (bu), corresponds to

g ,then Cantbu)n corresponds to fig
· MULTIPLICATION BY SCALAR : If (an), corresponds to f and

XEK
,
then (xan)

n corresponds tof
· CAUCHY/CONVOLUTION PRODUCT CORRESPONDS

TO PRODUCTOF FUNCTION

let (anlo Cresp .

(bn)mo) correspond to f (resp . g) .

Define Cn= apbnk for every n .
Then (a) no corresponds

to f . g ; indeed

7(z). g(z) = (09n(z -pk))bmz-pm)=
aubmze

m>0

=(Emakbm)(z-p



· Assume p=0. If (an)n> o corresponds to f and UEK , 1811 ,
then f(z) = [anzh ,

hence
n30

f((z) = Ean(z)" = EanUzu ,
i . e .

n>0 n

(Unan) nso corresponds to
the function ztf(Uz)

·The most important equalityis ite ,
1

For example the constant sequence (1)nzo corresponds
to

function By(p) +>K

zt
· If (anInso corresponds to f , then (any

(n+ Inso corresponds

to fl

=(2)=Zan(z-pi , fz)=annc-piam (mt-



A LAURENT SERIES iS = anz where (an) nex is a
n=- y

Sequence of complex numbers indexed by
all integers.

We split it into the two parts
· I anzh converges if IKpn> 0

· [anz"=aap(converges
if

no kP]

=1ztime
↳z eimsup"Mkl = eimsup-

*Fant
k++ 5 n- - 0



REGION OF CONVERGENCE OF A LAURENT SERIES

Prop Let (an) nez
be a sequence of complex numbers indexed

-

by all integers .

Let T be the region of convergence of
the

Laurent series [anz".
NET

Define : 1
Rt=- Ri= limsup

*

Fant
limsupMont n+ - 1

n-> +1

· If R-cR+ then Ezek/ RIzKRty cNEGzeDIR-IzIRTY

· If RER
+ then PESzek/1z1 = R

+ 3

· If R> Rt then T = 0



LAURENT SERIES AND HOLOMORPHIC FUNCTIONS ON ANULI

Thm Fix peK and Or< et = +c .

Let A = (ze() 5/z-pkr+]
-

be the anulus with centrep , inner radius - , inner radius ret .

Then there is a 1-1 (bijective) correspondence :

1

S(an)ne/eimsoa3
1 : 1

[ holomorphic functions)- A- K

[A
- I(an) neI

-

zrancz-p)

#p +seit) :Deitjat) [f : A -

where selR is s.t .

< sart



Properties of the correspondence between Laurent series and
holomorphic functions on anuli
· ADDITIVITY
· MULTIPLICATION BY SCALAR
· CAUCHY/CONVOLUTION PRODUCT CORRESPONDS

TO PRODUCT OF FUNCTIONS

Canine = = f , (bn)ne779

Define Cn = [apback for every nex. Then Culne*
> fig

kt71

· If p =0 , Ue-SoY , Can net f ,
then

18"an) nso corresponds
to the function zf(z)

· If Canine#f then Canintl)new fl



SLOGAN :The Z-transform in signal processing is a slight
modification of the bijective correspondence

between

sequences of complex numbers indexed by integers and

holomaphic functions on anuli · The two modifications
are the following :

· p = 0 : the centre of the anulus is the origin

· z is swapped with z' and is swapped with -n.



Pet If (Un) nez is a sequence of complex numbers

indexed by all integers ,
then its E-transform is

the Laurent series [unz
nET



REGION OF CONVERGENCE OF THE Z-TRANSFORM

Pop Let (un) nez be a sequence of complex numbers .

Eunz" .

Let I be the region of convergence of
neT

Define

:= limsup"Tun and ein
n- -1

Then :

· If 1_< + then Ezek) f_< zke+] [redzeDIf_ Elz1
< e+Y

· If e- = 9+ then
[ (ze()(z1 =- = 9+3

· 189. ) of then
4 = %



Z-TRANSFORM

Thm Fix Orch+ +1
.

Let A= EzeDI r< 1zler+] .
-

The following is a bijective correspondence
:

A -> KS (n)nez/mm 3 E Eholomorphic
functions 3

Z-transform
[Un) neTX

-> IRun

(it) .(ii) zom [f :A ]
net

where selR is sit .

r=strt



PROPERTIES OF THE Z-TRANSFORM
· Additivity and multiplication by scolor

·Cauchy/convolution product corresponds
to product of functions

· If f is the Z-transform of (un) nex and JEK-Soh , then

the Z-transform of (un)nez is the
function

zuf(utz)
· The z-transform of the sequence un = 15th is the

function [ze()(z11) -> D

z
· The z-transform of the sequence un

= 25 it no is the

function(zec/1zk13 - D
z+z


