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1 Introduction

Notation. The unit disc will be denoted by D = {z € C: |z| < 1} and the unit circle by
S = 0D. If Q is open in C, H(2) is the space of the functions which are holomorphic in Q. A
function ¢ : S — C is identified with a function defined on [0, 27); () = ().

Given two (variable) quantities A and B, we write A ~ B if there are universal constants
C1,C2 > 0 such that C1A < B < C2A. Similarly, we use the symbol <. If Ay,..., A, are
mathematical objects, the symbol C(Aq,...,Ay) denotes a constant which only depends on
Al,..., Ap.

The Dirichlet space, together with the Hardy and the Bergman space, is one
of the three classical spaces of holomorphic functions in the unit disc. Its theory
is old, but over the past thirty years much has be learned about it and about
the operators acting on it. The aim of this article is to survey some aspects, old
and and new, of the Dirichlet theory.

We will concentrate on the “classical” Dirichlet space and we will not dwell
into its interesting extensions and generalizations. The only exception, because
instrumental to our discourse, will be some discrete funcion spaces on trees.

Our main focus will be a Carleson-type program which has been unfolding
over the past thirty years. To have, that is, a a knowledge of Dirichlet space
comparable to that we have, mainly due to the work of Lennart Carleson, for
the Hardy space H?: weighted imbedding theorems (“Carleson measures”);
interpolating sequences; the Corona Theorem. We also consider other topics
which are well understood in the Hardy case: boundary behavior; bilinear forms;
applications of Nevanlinna-Pick theory; spaces which are necessary to develop
the Hilbert space theory (H! and BMO, for instance, in the case of H?). Let
us further mention a topic which is specifically related to the Dirichlet theory:
the rich relationship with potential theory and capacity.

This survey is much less than comprehensive. We will be mainly focused
on the properties of the Dirichlet space per se, and we will talk about the rich
operator theory which has being developing on it during the past twenty years
or so, only when this intersect our main path. We are also biased, more or less
volountarily, towards the topics on which we have been working, with much or
less success. If the scope of the survey is narrow, we will try to give some detail
of the ideas and arguments, in the hope to rend a service to those who for the
first time approach the subject.

Let us finally mention the excellent survey on the Dirichlet space [Ro], to
which we direct the reader for the discussion on the local Dirichlet integral,
Carleson’s and Douglas’ formulas and the discussion of the invariant subspaces.
Also, [Ro] contains a discussion of zero sets and boundary behavior, hance we
will only tangentially touch on these topics here. The article [Wu] surveys some
results in the operator theory on the Dirichlet space.



2 The Dirichlet space

2.1 The definition

The Dirichlet space D is thre Hilbert space of the functions f analytic in the
unit disc D = {z € C: |z| < 1} for which the seminorm

1713, = / F(2)PdA(z) (1)

is finite. Here, dA(z + iy) = Ldzdy is normalized area measure. An easy
calculation with Fourier coefficients shows that, if f(z) = > 7 a,2"™,

o0

113, = > nlanl. (2)

n=1

The Dirichlet space sits then inside the analytic Hardy space H?2. In particular,
Dirichlet functions have nontangentail limits at a.e. point on the boundary of
D. We will see later that much more can be said, both on the kind of approach
region and on the size of the exceptional set.

There are different ways to make the seminorm into a norm. Here, we use
as norm and inner product, respectively,

Wl = Wl + Wl
<fvg>D = <fa>
- /f <>+% et @)

Another possibility is to let ||[f||% = ||fllp.« + [f(0)|*>. Most analysis on D
carries out in the same way, no matter what is the chosen norm. There is an
important exception to this rule. The Complete Nevanlinna-Pick Property is
not invariant under change of norm: it is satisfied by || - ||p, not by ||| - |||p-

The Dirichlet seminorm has two different, interesting geometric interpreta-
tions.

(E) Since Jf = |f'|? is the Jacobian determinant of f,

113, = / JA(f(2)) = A(F(D)) (4)

is the area of the image of f, counting multiplicities.

This invariance property, which depends on the values of functions in D,
implies that the Dirichlet class is invariant under biholomorphism of the
disc.

(H) Let ds? = =0 142l he the hyperbolic metric in the unit disc. The (normal-

=T=P)*
ized) hyperbolic area density is d\(z) = (1'““(‘22))2 and the intrinsic deriva-

tive of a holomorphic f : (D,ds?) — (C, |dz|?) is 0 f(z) = (1 — |z|2)|f'(2)|.




Then,
113 = / (6f)2dA (5)
D

is defined in purely hyperbolic terms.

Since any Blaschke product with n factors in an n-to-1 covering of the unit
disc, (E) implies that the Dirichlet space only contains finite Blaschke products.
The characterization of the zero sets for the Dirichlet space is a difficult, open
problem. On the positive side, (E) allows one to define the Dirichlet space on
any simply connected domain Q C C,

1130 = / P PAR) = || o ol3.

where ¢ is any conformal map of the unit disc onto 2. In particular, this shows
that the Dirichlet seminorm is invariant under the Mébius group M (D).

Infinite Blaschke products provide examples of bounded functions which are
not in the Dirichlet space. On the other hand, conformal maps of the unit
disc onto unbounded regions having finite area provide examples of unbounded
Dirichlet functions.

The group M(D) acts on (D, ds?) as the group of the sense preserving isome-
tries. It follows form (H) as well, then, the conformal invariance of the Dirichlet
seminorm: ||f o ¢|lp« = ||f|lp,« when ¢ € M(D). In fact, Arazy and Fischer
[AF] showed that the Dirichlet seminorm is the only Mébius invariant, Hilbert
seminorm for functions holomorphic in the unit disc. Also, the Dirichlet space
is the only Mobius invariant Hilbert space of holomorphic functions on the unit
disc. Sometimes it is preferable to use the pseudo-hyperbolic metric instead,

zZ—w

plz,w) =

1—wz

The hyperbolic metric d and the pseudo-hyperbolic metric are functionally re-
lated,

1+p _ ed — e d

1—p’ P= et e

(The hyperbolic metric is the only Riemannian metric which coincides with the
pseudo-hyperbolic metric in the infinitesimaly small). The triangle property
for the hyperbolic metric is equivalent to an enhanced triangle property for the
pseudo-hyperbolic metric:

1
d= ilog

t t
() < LEDEPG0)
1+ p(z,t)p(t, w)
We conclude with a simple and intertaining consequence of (H). The isoperi-

metric inequality
1
Area(Q) < Z[Length(aQ)}z (6)
7r



is equivalent, by Riemann’s Mapping Theorem and by the extension of (6) itself
to areas with multiplicities, to the inequality

_ / 1 1¢ 10 2_ /
I = [1Paas 5 [ 1] =181

Set f/ = g in the last inequality: the isoperimetric inequality becomes the
imbedding of the Bergman space A% in H', with optimal constant:

lgl%e < llgllZ

the constant functions being extremal.

The Hardy case space H2. The “classical” Hilbert spaces of holomorphic
functions on the unit disc are the Dirichlet space just introduced, the Bergman
space A?,

1% = / F)PAA(),

and the Hardy space H?2,

1£11Z2 = S oo |f(re®)[2do.

The Hardy space is especially important because of its direct role in operator
theory, as a prototype for the study of boundary problems for elliptic differential
equations, for its analogy with important probabilistic objects (martingales),
and so on. It has been studied in depth and its theory has become a model for
the theory of other classical and not so classical function spaces. Many results
surveyed in this article have been first proved, in a different version, for the
Hardy space.

It is interesting to observe that both the Hardy and the Bergman space can
be thought of as weighted Dirichlet spaces. We consider here the case of the
Hardy space. If f(0) = 0, then

I£11%> = /If )|*log(|2|7%)dA(z /If 2(1 = [2]*)dA(2).

This representation of the Hardy functions is more than a curiosity. Being H?
a reproducing kernel Hilbert space (RKHS) of functions, we are interested in
having a norm which depends on the values of f in the interior of the unit disc.
(Indeed, the usual norm is in terms of interior values as well, although through
the mediation of sup).

2.2 The definition on terms of boundary values and other
characteriztions of the Dirichlet norm

Let S = 0D be the unit circle and H'/?(S) be the fractional Sobolev space
containing the functions ¢ € L?(S) having “1/2” derivative in L?(S). More



precisely, if ©(0) = 3272 [a,, cos(nf) + by, sin(nf)], then the H'/(S) seminorm

n=1
of ¢ is
+oo

1ol = 3 nlanl® + [bal?). (7)

n=1
By definition,
D = HY3(S) N H(D).
This expresses the fact that, restricting Sobolev functions from the plane to
smooth curves, “there is a loss of 1/2 derivative”.

The definition of Rochberg and Wu. In [RW], Rochberg and Wu gave
a characterization of the Dirichlet norm in terms of difference quotients of the
function.

Theorem 1 (Rochberg-Wu) [RW] Let 0,7 > —1. For a function f analytic
on the unit disc we have the seminorm equivalence:

11~ [ [ EEZIE - a1~ o) dAw)aAC),

For 0 = 7 = 1/2, the Theorem holds with equality instead of approximate
equality; see [AFP]. The result in [RW] extends to weighted Dirichlet spaces
and, with a different, discrete-like proof, to analytic Besov spaces [BlPa]. The
characterization in Theorem 1 is similar in spirit to the usual boundary charac-
terization for functions in H/2(S):

2 27 _ 9
lel20/2s) ~ / / dedg

The characterization of Boe. In [Bo2], Boe obtained an interesting
characterization of the norm in analytic Besov spaces, in terms of the mean
oscillation of the function’s modulus, w.r.t. harmonic measure. We give Boe’s
result in the Dirichlet case.

Theorem 2 For z in D, let

11— |z2)?
2m |¢ — 2f?

be harmonic measure on S w.r.t. z. Then,

2

1. =~ [ ( / ) dns(0) f<z>|) (ld_A(f)



2.3 The reproducing kernel

The space D has bounded point evaluation 7, : f — f(z) at each point z € D.
Equivalently, it has reproducing kernel. In fact, it is easily checked that

. 1 1
f(z) = (f,K.)p, with K,(w) = %log T 20
(For the norm ||| - |||p introduced earlier, the reproducing kernel is

K =1+1lo
2(w) =1+log—
which is comfortable in estimates for the integral operator having Kz(w) as

kernel).
It is a general fact that |7, |

p+ = || K.||p and an easy calculation gives

1
| K. |15 ~ 1 +10g1—7\z| ~1+d(z,0).

More generally, we have that functions in the Dirichlet space are Holder contin-
uous of order 1/2 with respect to the hyperbolic distance:

1/ (2) = f(w)] < Clfllp,-d(z,w)"/>. (8)

The reproducing kernel K,(w) = K(z,w) satisfies some estimates which are
important in applications and reveal its geometric nature.

(a) RK(z,w) = |K(z,w)].

(b) Let z Aw be the point which is closest to the origin (in either hyerbolic or
Euclidean metric) on the hyperbolic geodesic joining z and w. Then,

RK (z,w) ~ d(0,z Aw) + 1.

1-zw =

(¢) LK (z,w) = =, and we have: (c1) Ry=- >0 for all z,w in D; (c2)
~ (1 —2*)7! for w € S(z), where

Siz)={web: |1 -zw| < 1—|z|2}

is the Carleson box with centre z.

3 Carleson measures

3.1 Definition and the capacitary characterization

A positive Borel measure measure p on D is called a Carleson measure for the
Dirichet space if for some finite C' > 0

/ﬁ FPdu < CIFIB. (9)



The smallest C' in (9) is the Carleson measure norm of u and it will be denoted
by [u] = [p#]lcam ). The space of the Carleson measures for D is denoted by
CM (D). Carleson measures supported on the boundary could be thought of as
sobstitutes for point evaluation (which is not well defined at boundary points).
By definition, in fact, the function f exists, in a quantitative way, on sets which
support a strictly positive Carleson measure. It is then to be expected that
there is a relation between Carleson measures and boundary values of Dirichlet
functions (see below).

Carleson measures proved to be a central concept in the theory of the Dirich-
let space in many other ways. Let us mention:

e multipliers,

e interpolating sequences,
e bilinear forms,

e boundary values.

It is important, then, having efficient ways to characterize them. The first such
characterization was given by Stegenga [Ste], in terms of capacity.
We first introduce the Riesz-Bessel kernel of order 1/2 on S,

ks1/2(0,m) =10 —n| =2, (10)

where the difference § —n € [—m, ) is taken modulo m. The kernel extends
to a convolution operator, which we still call kg ; /2, acting on Borel measures
supported on S,

ks /ov(0) = /kS,l/Z(e —n)dv(n).
s
Let £ C S be a closed set. The (S, 1/2)-Bessel capacity of F is
Capg 1 /o := inf{[|A]|72(g) : h >0 and kyjash >1on E}. (11)

It is a well know fact [Stein] that ks 1/2hl41/2() = ||PllL2(s), i-e. that h —
ks,1/oh is an approximate isometry of L*(S) into H'/2(S). Hence,

Capg 1o ~ inf{||<p||3{1/2(s) t (ks,1/2) "¢ >0and ¢ >1on E}.

Theorem 3 Let > 0 be a positive, Borel mesure on D. Then p is Carleson
for D if and only if there is a positive constant C(u) such that, for any choice
of finitely many disjoint, closed arcs I1,...,I, CS, we have that

(Ui S(1:) < Cp) Caps 1 jo (Vg i) - (12)

Moreover, C(u) = [u]capy estimates the best value of the constant C(u).



It is expected that capacity plays a role in the theory of the Dirichlet space.
In fact, as we have seen, the Dirichlet space is intimely related to at least two
Sobolev spaces (H/2(S) and H'(C), which is defined below), and capacity plays
in Sobolev theory the role played by Lebesgue measure in the theory of Hardy
spaces. In Dirichlet space theory, this fact has been recognized for a long time
(sse, for instance, [Beu]); actually, before Sobolev theory reached maturity.

It is a useful exercise comparing Stegenga’s capacitary condition and Car-
leson’s condition for the Carleson measures for the Hardy space. Carleson [Car2]
proved that, for a positive, Borel measure p on D,

/D Pdp < CuI I3 = u(SI) < Wl

for all closed subarcs I of the unit circle. Moreover, the best constants in the
two inequalities are comparable. In some sense, Carleson’s characterization says
that p satisfies the imbedding H? < L?(u1) if and only if it behaves (no worse
than) the arclength measure on S, the measure underlying the Hardy theory.
We could also “explain” Carleson’s condition in terms of the reproducing kernel
for the Hardy space,

1 2
K (w) = K3 ~ (1 |2)) 7"
o (W) = g I (e = (1= 2])

Let I, be the arc having center in z/|z| and arclength 27(1 — |z|). Carleson’s
condition can then be rephrased as

W(S(L)) < C()lIEH .

Similar conditions hold for the (weighted) Bergman spaces. One might expect
that a necessary and sufficient condition for a measure to belong to belong to
CM (D) might be

p(S(I2)) < C(WIK:|lp = 1;2 ~ Caps,1/5(1>)- (13)

1—z]

The “simple condition” (13) is necessary, but not sufficient. Essentially, this
fact is related to the fact that the simple condition does not “add up”: if I,
j =1,...,2" are adjacent arcs having the same length, and I is their union,
then

n

1
o > log =~ Caps71/2(1).

Z Capg1)o(Lj) ® -—————
r (log 2)n+1ogm W

Stegenga’s Theorem has couterparts in the theory of Sobolev spaces, where the
problem is that of finding necessary and sufficient conditions on a measure p
so that a trace inequality holds. For instance, consider the case of the Sobolev
space H!(R™), containg those functions h : R™ — C with finite norm

1Rl gy = 2122 gy + IVRIZ gy



the gradient being the distributional one. The positive, Borel measure 1 on R™
satifies a trace inequality for H!(R™) if the imbedding inequality

[ P < COlblB e (19
holds. It turns out that (14) is equivalent to the condition that

H(E) < C(p)Capyg (ny (E) (15)

holds for all compact subsets £ C R". Here, Caps: (Rn)(E) is the capacity
naturally associated with the space H!(R™).

There is an extensive literature on trace inequalities, which is closely related
to the study of Carleson measures for the Dirichlet space and its extensions. We
are not to discuss it; we direct the interested reader to [Maz|, [Adams|, [KaVe]
and [KS1], just for a first approach to the subject, from different points of view.

Complex analysts are more familiar with the logarithmic capacity, than with
Bessel capacities. It is a classical fact that, for subsets E of the unit circle (or
fo the real line)

Caps,o(E) ~ log 7(E) ", (16)

where v(FE) is the logarithmic capacity (the transfinite diameter) of the set E.

3.2 Characterizations by testing conditions

The capacitary condition has to be checked over all finite unions of arcs. It is
natural to wonder wheter there is a “single box” condition characterizing the
Carleson measures. In fact, there is a string of such conditions, which we are
now going to discuss. The following statement rephrases the characterization
given in [ARS1]. Let k(z,w) = RK(z,w).

Theorem 4 Let p1 be a positive, Borel measure on D. Then, u is a Carleson
measure for D if and only if p is finite and

ﬁiﬁ;ﬂ%MW@MM@SQMMﬁﬁ (17)
S(¢) /S(¢)

for all ¢ in D.
Moreover, if Cp,e(p1) is the best constant in (17), then

Wlenruy = Cpeg(p) + (D).

The actual result in [ARS]] is stated differently. There, it is shown that p €
CM (D) if and only if u is finite and

/ WEE NSO~ < o(u)u(E0), (18)
S() (1—12[2)

10



with [p]cnru) & Chest (1) +1(D). The equivalence between these two conditions
will be discussed below, when we will have at our disposal the simple language
of trees.

Proof discussion. The basic tools are a duality argument and two weight
inequalities for positive kernels. It is instructive to enter in some detail the
duality arguments. The definition of Carleson measure says that the imbedding

Id: D — L*(p)

is bounded. Passing to the adjoint © = Id*, this is equivalent to the bounded-
nesso of
O: D« L*(p).

The adjoint makes “unstructured” L?(u) functions into holomorphic functions,
so we expect it to be more manageable. Using the reproducing kernel property,
we see that, for g € L?(u)

Og(¢) = (Og,K¢)p
(9, K¢)r2 )

Lo KOdnta) (19)

because K¢(z) = K,({). We now insert (19) in the boundedness property of

Og:
C u)/,IQIQdu
D

Y

10gl3
= / 92K / 9(w) Ko (Ydps(w)) p
7) w){K., Ku)p

(w)dp(w) Kz (w).

Il
\\

Overall, we have that the measure p is Carleson for D if and only if the weighted
quadratic inequality

[ onte) | gEidnwn. ) < G [ loPde (20)
holds. Recalling that k(z, w) = REK,(w), it is clear that (20) implies

[ oante) [ awidnti(z.u) < C [ loPdn, (21)
for real valued g and that, viceversa, (21) for real valued g implies (20), with
a twice larger constant: [©(g1 + ig2)[[3 < 2(10g1[B + [Ogzll3). [The same

reasoning says that u is Carleson if and only if (21) holds for positive g¢’s:
the problem is reduced to a weighted inequality for a real (positive, in fact),

11



symmetric kernel k]. Condition (17) is obtained by testing (21) over functions
of the form g = X500 The finiteness of p follows by testing the imbedding

D — L*(p) on the function f = 1.

The hard part is proving the sufficiency of (17): see [ARS1], [ARS2], [ARS3],
[KaVe], [Tch] for different apporoaches to the problem. Se also the very recent
[VoWi] for an approach covering the full range of the weighted Dirichlet spaces
in the unit ball of C*. m

The reasoning above works the same way with all reproducing kernels (pro-
vided the integrals involved make sense, of course). In particular, the problem
of finding the Carleson measures for RKHS reduces, in general, to a weighted
quadratic inequality like (21), with positive g’s.

A streamline of necessary and sufficient testing conditions. Con-
dition (4) is the endpoint of a family of such conditions, and the quadratic
inequality (21) is the endpoint of a corresponding family of quadratic inequali-
ties equivalent to the membership of p to the Carleson class.

The kernels K and k = RK define positive operators on D, hence, By general
Hilbert space theory, the boundedness inequality

1891 < C(1)llgll72

is equivalent to the boundedness of the operator S : g — Sf = [5k(-,w)g(w)du(w)
on L?(u), i.e. to

2
L ([ e wstoue)) au < e [ fa (22)
D \J/D D

with the same constant C'(u). Testing (22) on g = X5(e and restricting, we
have the new testing condition

| ( /k(%w)du(w)) du(z) < Cluu(S(0). (23)
S(¢) S(¢)

Observe that, by Jensen’s inequality, (23) is a priori stronger than (4), although,
by the preceeding considerations, it is equivalent to it. Assuming the viewpoint
that (23) represents the L?(u) — L?(u) ineuglity for the “singular integral op-
erator” having kernel ‘k, and using sophisticated machinery used to solve the
Painlevé problem, Tchoundja [Tch] pushed this kind of analysis much further.
Using also results in [ARS2], he was able to prove the following.

Theorem 5 FEach of the following conditions on a finite measure i is equivalent
to the fact that p € CM(D):

e For some p € (1,00) the following inequality holds,

([ ewstint) due) < 6,00 [ @

D

12



o Inequality (24) holds for all p € (1,00).

e For some p € [1,00) the following testing condition holds,

/i < /k(z,w)du(w)> du(z) < Cou(BD).  (25)
S(¢)

5(0)

o The testing condition (25) holds for all p € [1,00).

(Actually, Tchoundja deals with different spaces of holomorphic functions, bu his
results extend to the Dirichlet case). As mentioned earlier, the p = 1 endpoint
of Theorem 5 is in [ARS2].

Another streamline of testing conditions It was proved in [ARSI]
that a measure p on D is Carleson for D if and only if (18) holds. In [KS2], Ker-
man and Sawyer had found another, seemingly weaker necessary and sufficient
condition. In order to compare the two conditions, we restate (18) differently.
Let I(z) = 0S(2)NID. For 0 € I(z) and s € [0,1—|z]], let (0, s) = S((1—s)e?).
Contidition (18) is easily seen to be equivalent to have, for all z € D,

I (S () N (S8, 9)) ) * ds
[ [ (M) S < s o)

S

Kerman and Sawyer proved that p is a Carleson measure for D if and only if,
for all z € D,

i _swp (MEEOEECEIN < cpousien. en

I(z)  s€(0,1-z]]

Now, the quantity inside the integral on the LHS of (27) is smaller than the
corresponding quantity in (26). Due to the presence of the measure ds/s and the
fact that the quantity u(S(0,s)) changes regularly with 6 fixed and s variable;
the domination of one by the other comes from the imbedding ¢ C ¢>°. The
fact that, “on average”, the inclusion can be reversed is at first surprising. In
fact, it is a consequence of the Muckenhoupt-Wheeden inequality [MW] (of an
extension of it), that the quantities on the LHS of (26) and (27) are equivalent.

Theorem 6 [[KS2/[ARS1]] A measure pn on D is Carleson for the Dirichlet
space D if and only if it is finite and for some p € [1,00] (or, which is the same,
for all p € [1,00]) and all z € D:

/I(Z) do /01‘2 (u(S(z) ﬂN(S(97S))))p‘| 2

ot B < opuse). @)
The inequality of Muckenhoupt and Wheeden was independently rediscorvered
by T. Wollf [HW], with a completely new proof. Years later, trying to un-
derstand why the conditions in [ARS1] and [KS2] where equivalent, although
seemingly different, in [AR] the authors, unaware of the results in [MW] and
[HW], find another (direct) proof of the inequality.

13



4 The tree model

4.1 The Bergman tree

The unit disc D can be discretized in Whitney boxes. The set of such boxes has
a natural tree structure. In this section, we want to explain how analysis on the
holomorphic Dirichlet space is related to analysis on similar spaces on the tree,
and not only on a metphoric level.
For integer nge0 and 1 < k < 2", consider the regions
k 0 E+1

B={z=re?eD: 27"<1—|z]<2™™! <<
a(n, k) ={z=re < 2| o < 5 5n

.

We identify the set regions with an abstract set indexing them. Let 7 be the
set of such regions. The elements of 7 are a partition of the unit disc D in
regions whose Euclidean diameter, Euclidean inradius and Euclidean distance
to the boundary comparable to each other, with constants independent on the
considered region. An easy exercise in hyperbolic geometry shows that the
regions a € 7 have approximatively the same hyerbolic diameter and hyperbolic
inradius. We give the set 7 two geometric-combinatorial structures: a tree
structure, in which there is an edge between « and § when the corresponding
regions share an arc of a circle; a graph structure, in which there is an edge
between o and (3 if the closures of the corresponding regions have some point of
D in common. When referring to the graph structure, we write G instead of 7.

In the tree 7 we chose a distinguished point 0 = «(0, 1), the root of 7. The
distance dr(«, 3) between two points «, 5 in 7 is the minum number of edges of
T one has to travel going from the vertex « to the vertex 3. Clearly, there is a
unique path from « to 3 having minimal length: it is the geodesic o, 3] between
«a and (B, which we consider as a set of points. The choice of the root gives 7
a partial order structure: o < § if a € [0, 8]. The parent of o € T \ {o}is the
point a~! on [0,qa] s.t. d(a,a™!) = 1. Each point « is the parent of two points
in 7 (its children), labeled when necessary as a4. The natural geometry on 7
is a simplified version of the hyperbolic geometry of the disc.

We might define a distance dg on the graph G using edges of G instead of
edges of 7. The distance dg is realized by geodesics, although we do not have
uniqueness anymore. (We have “almost uniqueness”: two geodesic between «
and [ mantain a reciprocal distance which is bounded by a positive constant
C, independent of « and 3). The following facts are rather easy to prove.

(1) dg(e, B) < dr(a, ).

(2) If z € @ and w € B, then dg(a, ) + 1 ~ d(z,w) + 1: th egraph metric is
roughly the hyperbolic metric at unit scale.

(3) There are points au,, By, such that dr(an, 8n)/dg(an, Bn) — oo: there are
points which are close in the graph, but far away in the tree..

While the graph geometry is a good approximation of the hyperbolic geometry
at a fixed scale; the same can not be said about the tree geometry. Nonetheless,
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the tree geometry is much more elementary, and it is that we are going to use.
It is a bit surprising that, in spite of the distorsion of the hyperbolic metric
pointed out in (3), the tree geometry is of much use.

Let us introduce the analogs of cones and Carleson boxes on the tree: P(a) =
[o,] C T is the predecessor set of a € T (when you try to pictuee it, you get a
sort of cone) and S(a) = {B €T : a € P(«w)}, its dual object, is the successor
set of a (a sort of Carleson box).

Given «, 8 € 7, we denote their confluent by aA3: the point on the geodesic
between « and 3 which is closest to the root o. That is,

PlanpB)=Pla)NP(B).

In terms of D geometry, the confluent corresponds to the highest point of the
smallest Carleson box containg two points; if z,w € D are the points, the point
which plays the role of o A § is roughly the point having argument halfway
between that of z and that of w, and having Euclidean distance |1 — z@| from
the boundary.

4.2 Detour: the boundary of the tree and its relation with
the disc’s boundary.

The distorsion of the metric induced by the tree structure has an interesting
effect on the boundary. One can define a boundary 07 of the tree 7. While
the boundary of I (which we might tink of as a boundary for the graph G) is
connected, the boundary 07 is totally disconnected; it is in fact homeomorphic
to a Cantor set. Notions of boundaries for graphs, and trees in particular, are
an old a useful topic in probability and potential theory. We mention [Saw| as
a nice introdution to this topic.

We will see prompltly that the boundary 07 is compact w.r.t. a natural
metric and that, as such, it carries positive Borel measures. Furthermore, if p
is positive, Borel measure without atoms with support on 9D, then it can be
identified with a positive, Borel measure without atoms on 07 .

This is the main reason we are here interested in trees and tree’s boundary.
Some thorems are easier to prove on the tree’s boundary, some estimates become
more transparent and some objects are easier to picture. Often, it is possible to
split a problem in two parts: a “soft” part, to deal with in the disc geometry,
and a “hard” combinatorial part, which one can formulate and solve in the easier
tree geometry. Many of these results and objects can then be transplanted in
the context of the Dirichlet space.

As a set, the boundary 07 contains as elements the half-infinite geodesics
on 7, having o as endpoint. For convenience, we think of (07 as of a point and
we denote by P(¢) = [0,{) C T the geodesic labeled by . We introduce on 07
a metric which mimics the Euclidean metric on the disc:

5T(<7 5) = 27dT(C/\£);
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where (A¢ is defined as in the “finite” case o, 5 € T: P(CAE) = P(Q)NP (). Ttis
easily verified that, modulo a multiplicative constant, §7 is the weighted length
of the doubly infinite geodesic v({,£) which joins ¢ and &, where the weight
assigns to each edge [o, «~'] the number 2-¢7(®) The metric can be extended
to T = 7 UOT by similarly measuring geodesics’ lengths for all geodesics. This
way, we obtain a compact metric space (7, 1), where T is a discrete subset of
T, having 07 as metric boundary. The subset 0T , as we said before, turns out
to be a totally disconnected, perfect set.

The ralationship between 97 and 9D is more than metaphoric. For a point
¢ €097, let P({) = {¢,: n € N} be an enumeration of the points ¢, € 7 of
the corresponding geodesic, ordered in such a way that d((,,0) = n. Each ¢
in 7 can be identified with a dyadic subarc of 9D: if Q(¢) is the Whitney box
labeled by ¢, ¢ «» I(¢) = 0Q(¢) N ID. Define the map A : 97 — 9D,

It is easily verified that A is a Lipschitz continuous map of 07 onto 0D, which
fails to be injective at a countable set (the set of the dyadic rationals x27).
More important is the (elementary, but not obvious) fact that A maps Borel
measurable sets in 97 to Borel measurable sets in JD. This allows us to move
Borel measures back and forth from 907 to JD.

Given a Borel, positive measure w on 97, let (A.w)(E) = w(A~1(E)) be the
usual push-forward measure. Given a positive, Borel measure p on S, define its
pull-back A*pu to be the positive Borel measure on 0T

W) = | ‘Wwe”). (30)

Proposition 7 (i) The integrand in (30) is measurable, hence the integral is
well-defined.

(i1) AL (A" () = .
(iii) For any closed subset A of S, Aw(A) = w(A~1(A)), by definition.
(iv) For any closed subset B of 0T, A*u(B) ~ u(A(B)).

(v) In (iv), we have equality if the measure p has no atoms.

See [ARSWS] for more general versions of the proposition.

4.3 A version of the Dirichlet space on the tree

Consider the Hardy-type operator Z acting on functions ¢ : T — R,

To(a)= Y @)

BEP(a)

The Dirichlet space Dz on T is the space of the functions ® = Zip, ¢ € £%(7),
with norm ||®|p, = ||¢|lez. Actually, we will always talk about the space ¢2
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and the operator Z, rather than about the space Dy, which is however the trait
d’union between the discrete and the continuous theory.

What we are thinking of, in fact, is discretizing a Dirichlet function f € D
in such a way

(1) p(a) ~ (1 = |z(a))|f'(z(a))], where z(«) is a distinguished point in the
region « (or in its closure);

(2) Zyp(a) = f(a).

Let us mention a simple example from [ARS6], saying that ¢2 is “larger”
than D.

Proposition 8 Consider a subsubset {z(a) : « € T} of D, where z(a) € «,
and let f € D. Then, there is a function ¢ in (2(T) s.t. Zo(a) = f(z(a)) for
all a € T and ||l S || fllp-

Proof. Assume without loss of generality that f(0) = 0 and let p(«a) :=
f(z(a)) = f(z(a™1)). By telescoping, ¢(a) = f(2(a)). To prove the estimate,

By = D [F(2(@) = f(z(a™ )|
ST = (@) £/ (w(a)?

&7
for some w(«) in the closure of «,

1
(1= ())? | = |
za: (1= l2al)? Jee: (¢-w(a)<(1-12(a))/10

by the (local) Mean Value Property,
2
S PO dAQ)
a Y [C—w(a)|<(1-|z(a)])/10

by Jensen’s inequality,

~ /15,

since the discs {¢: | —w(a)| < (1 —]z(a)|)/10} clearly have bounded overlap-
ping. m

A

Q

F(©)dA(S)

4.4 Carleson measures and all that, on the tree and on
the disc

Let p be a positive measure on the unit disc. Identify it with a positive measure
on 7, letting
o) = [ dua)
«

Carleson measures. We say that p is a Carleson measure for Dy if the
operator Z : (2(T) — (*(T, p) is bounded. We write u € CM (D).

Theorem 9 We have that CM (D) = CM (Dr), with comparable norms.

17
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Proof discussion. We can use the restriction argument of Proposition 8 to
show that CM(7) C CM (D). Soppose for simplicity that u(0D) = 0 (dealing
with this case requires further discussion of the tree’s boundary) and that u €
CM(T):

[ Uk = 3 [ 1rPdu < 3 et

«
for some z(«) on the boundary of «

Y Te(@)u(@)
V\?ith ® as in Proposition 8
= H‘»OH??(T)’

A

which proves the inclusion.

In the other direction, we use the duality argument used in the proof of
Theorem 4. The fact that p is Carleson for D is equivalent to the boundedness
of O, the adjoint of the imbedding, and this is equivalent to the inequality

V

cw [ loPdu = lealls = [ (@) () dA()

this time we use a different way to compute the norm,
2

> [ | K@) dae)
D /D - 9
_ /D /D " g(w)du(w) | dA(z). (31)

Testing (31) over all functions g(w) = h(w)/w with h > 0 and using the geo-
metric properties of the kernel’s derivative, we see that

cw [ loPdn> [

We can further restrict to the case where h is constanto on Whitney boxes (h =
> et Y(@)Xa) and, further restricting the integral, we see that (32) reduces to

dA(z). (32)

[ wgtwda(w)
S(z)

C()W 112y > 1T (dp) 7. (33)

A duality argument similar (in the converse direction) to the previous one, this
time in tree-based function spaces, shows that the last assertion is equivalent to
having Z : #2(T) — ¢*(7T,u) bounded, i.e. p € CM(7). =

The proof could be carried out in the dual side, completely. Actually, this
is almost obliged in several extensions of the theorem (to higher dimensions
[ARS6], to “sub-diagonal” couple of indices [A], etcetera). A critical analysis of
the proof and some further considerations about the boundary of the tree show
that Carleson measures satisfy a stronger property.
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Corollary 10 ([ARS3]) Let

R
wnuw%:A 1 (re®)|dr

be the radial variation of f € D (i.e. the length of the image of the radius
[0, Re®®] under f). Then, u € CM(D) if and only if the stronger inequality

/vuﬂmscwmm%

D
holds.

Indeed, this remark is meaningful when  is supported on 9D.

Testing conditions in the tree language In the proof discussion follow-
ing Theorem 9, we ended by showing that a necessary and sufficient condition
for a measure p on D to be in CM (D) is (33). Making duality explicit, one
computes

I*(ddp)(a) = / gdp.

S(a)
Using as testing functions g = XS(ag)r @0 € 7 and throwing away some terms
on the right hand side, we obtain the discrete testing condition:

Clwu(S(ao)) = D [u(S@)* (34)

a€eS (o)
We will denote by [p] the best constant in (34).

Theorem 11 ([ARS1]) A measure p on D belongs to CM (D) if, and only if,
it is finite and it satisfies (34).

Given Theorem 9, Theorem 11 really becomes a characterization of the weighted
inequalities for the operator Z (and/or its adjoint). There is a vast literature on
weighted inequalities for operators having positive kernels, and virtually all of
the proofs translate in the present context. Theorem 11 was proved in [ARS]]
by means of a good-\ argument. A different proof could be desumed by the
methods in [KaVe], where a deep equivalence is established between weighted
inequalities and a class of integral (nonlinear) equations. In [ARS3] a very short
proof is given in terms of a maximal inequality.

The fact that the (discrete) testing condition (34) characterizes Carleson
measures raises two natural questions.

e Is there a direct proof that the testing condition (34) is equivalent to
Stegenga’s capacitary condition?

e Is there an “explanation” of how a condition which is expressed in terms
of the tree structure is sufficient to characterize properties whose natural
environment is the graph structure of the unit disc?
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Capacities on the tree. Let E be a closed subset of 07. We define a
logarithmic-type and a Bessel-type capacity for E. As in the continuous case,
they turn out to be equivalent.

The operator Z can be extended in the obvious way on the boundary of the

tree, Zo(C) = Y gep(c) p(B) for ¢ in 9T

Capy(E) = inf{ll¢]l2(7) : Ze(¢) = 1 on E} (35)

will be the tree capacity of E, which roughly corresponds to logarithmic capacity.
Define the kernel ky7 : 0T x 0T — [0, +0o0],

kor((,§) = 279,

which mimics the Bessel kernel kg ; /2. The energy of a measure w on 97 asso-
ciated with the kernel is

Eor(w) = /8 (kor(0) dmor (0).

where mgr = A*m is the pullback of the linear measure on S. MOre concretely,
mar0S(a) = 2797(%) We define another capacity

w(E
Capyr(E) =supq —— : supp(w) C E 5,
por(E) =sup { ) supn(e) €
the supremum being taken over positive, Borel measures on 97 .
As in the continuous case (with a simpler proof) one has that the two ca-

pacities are equivalent,
Capy(E) ~ Capyr(E).

It is not obvous that both are equiavlent to the logarithmic capacity.

Theorem 12 (Benjamini-Peres [BePe))
Capr(E) =~ Capyr(E) = Caps,uz(A(E))'

See [ARSW3] for an extension of this result to Bessel-type capacities on Ahlfors-
regular metric spaces.

Proof discussion. Let w be a positive Borel measure on 07 and p be a
positive Borel measure on S. It suffices to show that the energy of w w.r.t. the
kernel k7 is comparable with the energy of A.w w.r.t. kg i/, and that the
energy of y is comparable with energy of A*u, w.r.t. to the same kernels, obvi-
ously taken in reverse order. We can also assume the measures to be atomless,
since atoms, both in S and 07, have infinite energy. Proposition 29 implies that
the measure A*p is well defined and helps with the energy estimates, which are
rather elementary. m

Theorem 12 has direct applications to the theory of the Dirichlet space.
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e As explained in [ARSW3], there is a direct relationship between tree ca-
pacity Caps and Carleson measures for the Dirichlet space. Namely, for
a closed subset E of 07,

Capy(E) =  sup  ME) (36)
i supp(w)CE (K]

e As a consequence, we have that sets having null capacity are exactly sets
which do not support positive Carleson measures. Together with Corollary
(10) and the theorem of Benjamini and Peres, this fact implies an old
theorem by Beurling.

Theorem 13 (Beurling [Beu])
Caps1/5({C €S2 V(f)(e”) = +00}) = 0.

In particular, Dirichlet functions have boundary values at all points on
S, but for a subset having null capacity. This result, the basis for the
study of boundary behavior of Dirichlet functions, well explains differences
and similarities between Hardy and Dirichlet theories. It makes it clear
that capacity is for D what arclength measure is in H2. On the other
hand, there are Hardy functions (even bounded analytic functions) having
infinite radial variation at almost all points on S: radial variation is for
the most part a peculiarly Dirichlet topic.

e Another application is in [ARSW1], where boundedness of certain bilin-
ear forms on D is discussed (and which also contains a different proof of
Theorem [BePe|, of which we were not aware at the moment of writing
the article). Central to the proof of the main result is the holomorphic
approximation of the discrete potentials which are extremal for the tree
capacity of certain sets. See Section 6 for a discussion of this and related
topics.

Capacitary conditions and testing conditions. The capacitary con-
dition of Stegenga and the discrete testing condition (34) (plus boundedness of
p) are equivalent, since both characterize CM (D). It is easy to see that the
capacitary condition is a priori stronger than the testing condition. A direct
proof that the testing condition implies the capacitary condition is in [ARS4].
The main tool in the proof is the characterization (36) of the tree capacity.

5 The Complete Nevanlinna-Pick property

In 1916 Georg Pick published the solution to the following interpolation prob-
lem.
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Problem 14 Given domain points {z;}._, C D and target points {w;},—, C D
what is a necessary and sufficient condition for there to an f € H®, | f||, <1
which solves the interpolation problem f(z;)) = w; i =1,...,n?

A few years later Rolf Nevanlinna independently found an alternative solu-
tion. The problem is now sometimes called Pick’s problem and sometimes goes
with both names; Pick-Nevanlinna (chronological) and Nevanlinna-Pick (alpha-
betical). The result has been extraordinarily influential and many of the topics
in this volume have intellectual roots in that problem.

One modern extension of Pick’s question is the following:

Problem 15 (Pick Interpolation Question) Suppose H is a Hilbert space
of holomorphic functions on D. Given {z;},_, ,{w;};_, C D is there a func-
tion m in Mgy, the multiplier algebra, with ||m||,,, < 1, which performs the
interpolation m(z;) = w;; i =1,2,..,n

There is a necessary condition for the interpolation problem to have a solu-
tion which holds for any RKHS. We develop that now.

Suppose we are given the data for the interpolation question. Let V' be the
span of the kernel functions {k;};_, .

Theorem 16 Define the map T of that V to itself by

A necessary condition for the Pick Interpolation Question to have a positive
answer is that | T|| < 1. Equivalently a necessary condition is that the associated
matrixc

Mx(T') = ((1 — wyw;) k; (Zi))?,j:1 (37)
>

(
be positive semidefinite; Mx(T) >> 0.

Proof. Suppose there is such a multiplier m and let M be the operator of
multiplication by m acting on H. We have [[M|| = [[m|| ) < 1. Hence the
adjoint operator, M* satisfies ||[M*|| < 1. We know that given ( € D, M*k; =
m({)kc. Thus V is an invariant subspace for M* and the restriction of M* to
V' is the operator T' of the theorem. Also the restriction of M* to V has, a
fortiori, norm at most one. That gives the first statement.

The fact that the norm of T is at most one means that for scalars {a;};_,

we have )
HZ a;wik; || < HZ aik;

We compute the norms explicitly recalling that (k;.k;) = k; (2;) and rearrange
the terms and find that

2

Z (]. — iji) Ifj (Zz) ajdi Z 0.

%]
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The scalars {a;};_, were arbitrary and thus this is the condition that Mx(7) >>
0. m

The matrix Mx(T) is called the Pick matriz of the problem. For the Hardy
space it takes the form

1—wyw;\"
Mx(T) = (W>
i,j=1

1— ZiZj

Theorem 17 (Pick) For the Hardy space, the necessary condition for the in-
terpolation problem to have a solution, (37), is also sufficient.

See [AgMc2] for a proof.

Remark 18 The analog of Pick’s theorem fails for the Bergman space; (37) is
not sufficient.

It is now understood that there are classes of RKHS for which the condition
(37) is sufficient for the interpolation problem to have a solution. Such spaces
are said to have the Pick property. In fact there is a subclass, those with the
Complete Pick Property, CNPP for which (37) is a sufficient condition for the
interpolation problem to have a solution and there is also a matricial analog
of (37) is a necessary and sufficient for a matricial analog of the interpolation
problem to have a solution.

It is a consequence of the general theory of spaces with the CNPP that the
kernel functions never vanish; Vz,w € X, k,(w) # 0.

For spaces of the type we are considering there is a surprisingly simple char-
acterization of spaces with the CNPP. Suppose H is a Hilbert space of holo-
morphic functions on the disk in which the monomials {z"} 7 are a complete
orthogonal set. The argument we used to identify the reproducing kernel for
the Dirichlet space can be used again and we find that for ¢ € D we have

o0

ké{(z):zﬁiz”

2
n=o 12"l

oo
Yad
n=0

We know that ag = || 1H;I2 > 0 hence in a neighborhood of the origin the function
Yoo o ant™ has a reciprocal given by a power series. Define {c,} by

_ i ent™ (38)

Do ant”

Having ag > 0 insures ¢y > 0.

n=0

Theorem 19 The space H has the CNPP if and only if

cn <0 VYn>0.
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Using this we immediately see that the Hardy space has the CNPP and the
Bergman space does not.

Theorem 20 The Dirichlet space D with the norm || - ||p,

o0
g by 2"
n=0

has the complete Nevanlinna-Pick property.

2

D (1) bl
n=0

D

On the other hand one needs only compute a few of the ¢, to find out that:

Remark 21 The space D with the norm

o0 2 o0
S one"|| = b+ n b
n=0 D n=1

does not have the CNPP.

If a RKHS has the CNPP then a number of other subtle and interesting
consequences follow. In particular, this applies for the Dirichlet space.

We refer the reader to the foundational article [AgMcl] and to the beautyful
monograph [AgMec2] for a comprehensive introduction to spaces with the CNPP.

6 The multiplier space and other spaces intrin-
sic to D theory

6.1 Multipliers

Suppose H is a RKHS of holomorphic functions in the disk. We say that a
function m is a multiplier (of H or for H) if multiplication by m maps H
boundedly to itself; that is there is a C'= C(m) so that for all h € H

[mhllg < C il -

Let My be the space of all multipliers of H and for m € My let ||m]|,,, be
the operator norm of the multiplication operator. With this norm My is a
commutative Banach algebra.

It is sometimes easy and sometimes difficult to get a complete description
of the multipliers of a given space H. If the constant functions are in H (they
are, in the case of the Hardy and of the Dirichlet space), then My C H. In
fact for ||1]|; = 1 and hence the inclusion is contractive: [[m| g = [lm - 1|, <

Il gy (U = Tl g, -
Also, for each of D, H?, and A? (the Bergman space) the multiplier algebra
is contractively contained in H*>,

Imll oo < lmll i, -
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One way to see this is by looking at the action of the adjoint of the multiplication
operator on reproducing kernels. Let H be one of D, H?, and A?; let m € My
and let M be the operator of multiplication by m acting on H. Let M™ be the
adjoint of the operator M. We select (,z € D and compute

M*kpyc(2) = (M kg.c, ku,z)
= (ku,c, Mkn )
= (kpgc,mkm ;)
= (mku,, kuc)

= m(C)kHz (C)

=m(Q)km ¢(2)-

Thus kp ¢ is an eigenvector of M*, the adjoint of the multiplication operator,
with eigenvalue m(¢). Hence |m(¢)| < ||M*|| = ||M||. Taking the supremum
over ¢ € D gives the desired estimate.

For the Hardy space that is the full story; Mgz = H®. In the Dirichlet
case, things are a bit more complicated.

Proposition 22 m is a multiplier for the Dirichlet space if and only if m € H™
and dpp (2) = |m/(2)|? dedy € CM (D).

This was the motivation for Stegenga’s study [Ste] of the Carleson measures for
the Dirichlet space. Observe that [y dpun, = ||m||%*

Let us look again at the Hardy case, in the light of Stegenga’s Proposition
22. Let xpy2 be the space of the functions m holomorphic in D such that the
measure d\,,(2) = (1 — |2]?)|m/(2)|?dA(z) is a Carleson measure for the Hardy
space. The reason for choosing such measure is that [ dA,(z) ~ [|m[3. (if
m(0) = 0), as in the Dirichlet case. Now, it is known that y gz = BMOA is the
space of the analytic functions in BMO. Proposition 22 says that multiplier
algebra of D is exactly x N H* (here, x contains the functions m s.t. dp,(z) =
|m’(2)|? dzdy € CM (D). The analogous result for H2 would be: the multiplier
space of H? consists of the functions in BMOA which are essentially bounded.
This is true, but not very interesting, since H* C BMOA.

6.2 The weakly factored space D ® D and its dual

Some facts from H? theory. It is well known that the some spaces of
holomorphic functions naturally arisce within H? theory: H', H>*, BMO. We
shortly recall some of their mutual connections. We have just seen that H
naturally arises as the multiplier algebra of H?: Mult(H?) = H*. On the
other hand, by the inner/outer factorization of H? functions it easily follows
that H' = H?- H? is the space of products of H? functions. C. Fefferman’s cel-
ebrated theorem says that (H')* = BMO is the space of analytic functions with
bounded mean oscilattion. Functions in BMO are defined by the well-know,
elegant integral property to which they owe their name, but could be otherwise
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defined as the functions b analytic in D s.t. dup, = (1 — |2|?)|0/(2)|?dA(2) is a
Carleson measure for H?:

/D P < COIf .

It might be added that the multiplier algebra H*° consists of those functions in
BMO which are bounded, but this is never done, since the multiplier algebra
coincides with H*.

The spaces just considered are linked with the Hankel forms and Nehari’s
Theorem. Given analytic b, define the Hankel form with symbol b as

Tb(fa g) = <b7 fg>H2
It was shown by Nehari that

|Tb(f7 g)|
sup —————— = ||b||(z1)- = [|b]| BmO
fgen? || fllz21lgll 2 (H%) ’

the last equality following from Feffermn’s Theorem.

Function spaces naturally related with the Dirichlet space One
might first think that, being the Dirichlet space naturally defined in terms of
hyperbolic geometry, the spaces playing the role of H', H*> and BMO in Dirich-
let theory would be the Bloch space B, defined by the (conformally invariant)
norm:

£l = 118£11Loe ) = sup(1 = [2[*)|f'(2)]
z€D

and similarly defined invariant spaces. It turns out that, from the viewpoint
Hilbert space function theory, the relevant spaces are others.

Define the weakly factored space D ® D to be the completion of finite sums
h =73 fjg; using the norm

Illpep = it {3 15illp lgslp : =" figi }-
In particular if f € D then f2 € D ® D and
172 pop < I1f1p- (39)
It is immediate that, in the Hardy case, H2 ® H? = H? - H?> = H".
We also introduce a variant of D ® D. Define the space =1 (9D ® D) to be

the completion of the space of functions h such that A’ can be written as a finite
sum, h' =37 flg; (and thus h = 8~' Y (8f;) gs), with the norm

1lg-sopem) =it {3 Iillp losllp : B = > Fg; } -
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We next introduce the space X which plays a role in the Dirichlet space theory
analogous to the role of BMO in the Hardy space theory. We say f € & if

1715 = 17O + 1" aa]

< 00.
CM (D)

We denote the closure in X' of the space of polynomials by Aj.
Here is a summary of relations between the spaces. The duality pairings are
with respect to the Dirichlet pairing (-, -)p .

Theorem 23 We have
1. Xy =DoD,
2. (DoOD) =4,
3. M(D)=H>*nX,
4. DOD=0"tO0D6D).

Proof discussion. As we mentioned (3) is proved in [Ste].

A result essentially equivalent to (8_1 (0D ©® D))* = X was proved by Coifman-
Muri [CoMu] using real variable techniques and in more function theoretic con-
texts by Tolokonnikov [Tolo] and by Rochberg-Wu [RW]. An interesting alter-
native approach to the result is given by Treil and Volberg in [TV].

In [W1] it is shown that X§ = 0= (0D ® D). Item (2) is proved in [ARSW1]
and when that is combined with the other results we obtain (1) and (4). =

Statement (2) of the theorem is the analog of Nehari’s characterization of
bounded Hankel forms on the Hardy space, recast using the identification H? ®
H? = H! and Fefferman’s duality theorem. Item (1) is the analog of Hartman’s
characterization of compact Hankel forms. Statement (4) is similar in spirit to
the weak factorization result for Hardy spaces given by Aleksandrov and Peller
in [AP] where they study Foguel-Hankel operators on the Hardy space.

Given the previous theorem it is easy to check the inclusions

MD)cXCcDCDoOD (40)
In our paper [ARSW2] we discuss more facts about these spaces.

6.3 The Corona Theorem

In 1962 Lennart Carleson demonstrated in [Card] the absence of a corona in
the maximal ideal space of H* (D) by showing that if {gj}j.v:l is a finite set of
functions in H* (D) satisfying

N
Dolgi()=6>0, zeD, (41)
j=1
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then there are functions {fj} _, in H* (D) with

N
Y fi(2)gi(z)=1, =ze€D, (42)
j=1

While not immediately obvious, the result of Carleson is in fact equivalent to
the following statement about the Hilbert space H?(D). If one is given a finite
set of functions {g;}}, in H>(D) satisfying (41) and a function h € H*(D),
then there are functions {f; }é\le in H?(D) with

N
Z fi(2)g; (2) = h(z), zeD, (43)

The key difference between (42) and (43) is that one is solving the problem in
the Hilbert space setting as opposed to the multiplier algebra, which makes the
problem somewhat easier.

In this section we discuss the Corona Theorem for the multiplier algebra of
the Dirichlet space. The method of proof will be intimately connected with the
resulting statements for H°°(D) and H?(D). We also will connect this result
to a related statement for the Hilbert space D. The proof of this fact is given
by O-methods and the connections between weak Carleson measures for the
space D(D). Another proof can be given by simply proving the Hilbert space
version directly and then applying the Toeplitz Corona Theorem. Implicit in
both versions are certain solutions to d-problems that arise.

6.3.1 The J-equation in the Dirichlet Space

As is well-known there is an intimate connection between the Corona Theorem
and O-problems. In our context, a d-problem will be to solve the following
differential equation
b= p (44)

where i is a Carleson measure for the space D and b is some unknown function.
Now solving this problem is an easy application of Cauchy’s formula, however
we will need to obtain estimates of the solutions. Tho obtain these estimates,
one needs a different solution operator to the d-problem more appropriately
suited to our contexts.

In [Xia] Xiao’s constructed a non-linear solution operator for (44) that is
well adapted to solve (44) and obtain estimates. We note that in the case of
H (D) that this result was first obtained by P. Jones, [J]. First, note that

2m//D<— d¢ A dC

satisfies OF = p in the sense of distribution.

The difficulty with this solution kernel is that it does not allow for one to
obtain good estimates on the solution. To rectify this, following Jones [J], we
define a new non-linear kernel that will overcome this difficulty.
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Theorem 24 (Jones, [J]) Let p be a complex H*(D) Carleson measure on D.
Then with S (1) (z) given by

- / K (0.2,¢) dv () (45)
D

o= ]
HNHCM(H2)

w0 =3y ], (TR )

we have that:

1. S(p) e L}, (D).

loc

where and

2. 0S (1) = p in the sense of distributions.

3. [ ‘K (HMIC T C)‘dm\ ) S ltlloarcmey for allz € T = 0D,

S0 HS(M)HLOO(T) S ||M||CM(H2)'

With this set-up, we now state the follow theorem due to Xiao, extending
Theorem 24, about estimates for 0-problems in the Dirichlet space.

Theorem 25 (Xiao, [Xia]) If 19(2)|> dA(2) is a D-Carleson measure then, the
function S (u) (2) satisfies 0S(pu) = p and

HS(M)le/z(T) S ||M||CM(D)

6.3.2 Corona Theorems and Complete Nevanlinna-Pick Kernels

Let X be a Hilbert space of holomorphic functions in an open set {2 in C™ that is
a reproducing kernel Hilbert space with a complete irreducible Nevanlinna-Pick
kernel (see [AgMc2] for the definition). The following Toeplitz corona theorem
is due to Ball, Trent and Vinnikov [BTV] (see also Ambrozie and Timotin [AT]
and Theorem 8.57 in [AgMc2]).

For f = (fa))_, € ®V X and h € X, define Msh = (f,h)>_, and

I arure X,oNX) = ||MfHX_>@NX sup ”thH@NX
( ) |

|hllx <

N 2
Note that maxi<a<n My, llhr < 1 lprunx,enx) < \/Zazl [Mllnry -

Theorem 26 (Toeplitz Corona Theorem) Let X be a Hilbert function space
in an open set ) in C™ with an irreducible complete Nevanlinna-Pick kernel. Let
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0 >0 and N € N. Then g1,...,9gnv € Mx satisfy the following “baby corona
property”; for every h € X, there are f1,..., fn € X such that

IN

1A+ 4wl < 5 Al (46)
A+ (@ () = k() zeQ

ifand only if ¢1,...,g9n € Mx satisfy the following “multiplier corona property”;
there are p1,...,oN € Mx such that

HSOHMUM(X,@NX) < L (47)
(D)1 (2) 4 +gn (2)en(z) = V6, zeq
The baby corona theorem is said to hold for X if whenever g1,--- ,gny € Mx
satisfy
91 () +- 4oy ()P 2 e>0,  zeQ, (48)

then g1, ..., gn satisfy the baby corona property (46).
We now state a simple proposition that will be useful in understanding the
relationships between the Corona problems for D and Mp.

Proposition 27 Suppose that g1,...,98 € Mp. Define the map

N
M(gh---,gn,)(flv S ng(z)fk(z)
k=1

Then the following are equivalent
(i) Mg, ...g,) : Mp x -+ x Mp +— Mp is onto;
(ii) Mg,.....g.) : D x -+ x D+ D is onto;

(i1i) There exists a § > 0 such that for all z € D we have
N
Sl > 5> 0.
k=1

It is easy to see that both (i) and (ii) each individually imply (iii). We will
show that condition (iii) implies both (i) and (ii). Note that by the Toeplitz
Corona Theorem 26 it would suffice to prove that (iii) implies (ii) since the
result then lifts to give the statement in (i). The proof of Proposition 27 follows
by the lines of Wolft’s proof of the Corona Theorem for H*°(ID), but uses the
solution operator given by Xiao in Theorem 25.

It is important to point out that there are several other proof of Proposition
27 at this point. The first proof of this fact was given by Tolokonnikov, [Tolo]
and was essentially obtained via connections with Carleson’s Corona Theorem.
Another proof of this result, but with the added benefit of being true for an

30



infinite number of generators was given by Trent [Trent]. Trent demonstrated
that (iii) timplies (ii), and then applied the Toeplitz Corona Theorem to de-
duce that (iii) implies (i). This proof exploits the fact that the kernel for the
Dirichlet space is a complete Nevanalinna-Pick kernel. Finally, there is a more
recent proof of this fact by Costea, Sawyer and Wick, [CSW]. The method of
proof again is to demonstrate the Corona Theorem for D under the hypothesis
(iii). The proof in [CSW] is true more generally for the Dirchlet space in any
dimension.

7 Interpolating sequences

Let H be a reproducing kernel Hilbert space (RKHS) of functions defined on
some space X, with kernel functions {k,}.ex. Let M(H) be the multiplier
space of H. A sequence S C X is an interpolating sequence for the multiplier
algebra M(H) if the restriction map

Rs:gr{g(s): s €S}

maps M(H) onto €. Since M(H) C L*°(X), the map is automatically
bounded. Consider the weight w : S — R¥, w(s) = [|ks|[;;°>. We say that
the sequence S is an interpolating sequence for the space H if Rg is a bounded
map of H onto £2(S,w). In the context of complete Nevanlinna-Pick RKHS
these two notions coincide [MaSu]. [Our terminology differs from some sources.
Bishop [Bi], for instance, calls universally interpolating sequences for D what
we call interpolating sequences, and simply calls interpolating sequences what
we will call onto interpolating sequences.]

Theorem 28 (Marshall-Sundberg) Let H be a RKHS of functions on some
space X, with the complete Nevanlinna-Pick property. For a sequence S the
following are equivalent:

1. S is interpolating for M(H).

2. S is interpolating for H.

3. The family of functions {Hk I } B is a Riesz basis for the space H:
€

~2 ool

Hk HH

Sarason observed that interpolating sequences for the multiplier space M(H)
have a distinguished role in the theory of the RKHS space H. Let ¢ be a
multiplier of the space H and S = {s; : j=1,...,n} be a sequence in X. Let
M, the multiplication operator by ¢ and M be its adjoint. Then, {Wsj) :
j=1,...,n} is a set of eigenvalues for M7, having the corresponding kernel

functions as eigenvectors: Mgks, = ¢(s;)ks;
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Finding the multiplier ¢ which interpolates data ¢(s;) = A; corresponds,
then, to extending the diagonal operator ks, +— )\Tksj (which is just defined
on span{ks,. j=1,...n}) to the adjoint of a multiplication operator. We redirect
the interested reader to the book [AgMc2], to the article [AgMcl] and to the
important manuscript [MaSu] itself for far reaching developements of this line
of reasoning.

For a given sequence S in X, there are two obvious necessary conditions for
it to be interpolating for H:

(Sep) The sequence S is separated: there is a positive o < 1 such that for all

s,t € S one has
e )| <
, s~ 0
sz kel 7

This condition expresses the fact that there exists a function f € H such
that

(CM) The measure pus = Y, ||ks||7;°0s is a Carleson measure for the space

H:
/X FPdus < CI 1,

which expresses the boundedness of the restriction map Rg.

Kristian Seip [Seip| conjectures that, for RKHS with the complete Nevanlinna-
Pick property, these two conditions are sufficient for S to be interpolating. Car-
leson’s celebrated Interpolation [Car2] Theorem says that such is the case when
H = H? is the Hardy space. Boe proved Seip’s conjecture under an additional
assumption on the kernel functions (an assumption which, interestingly, is not
satisfied by the Hardy space itself, but which is satisfied by the Dirichlet space).

7.1 Interpolating sequences for D and its multiplier space

The characterization of the interpolating functions was independently solved by
Marshall and Sundberg [MaSu| and by Bishop [Bi] in 1994.

Theorem 29 (Marshall-Sundberg, Bishop) A sequence S in D is interpo-
lating for the Dirichlet space D if and only if it satisfies (Sep) and (CM).

Actually, Bishop proved that interpolating sequences for D are also interpolat-
ing for M(D), but not the viceversa. At the present moment, there are four
essentially different proofs that (Sep) and (CM) are necessary and sufficient
for D interpolation: [MaSu], [Bi], [Bol], [Bo2|. Interpolating sequences for the
Dirichlet space differ in one important aspect from interpolating sequences for
the Hardy space. In the case of H?, in fact, if the restrioction operator is
surjective (if, in our terminology, the sequence S is onto interpolating), then
it is automatically bounded. As we will see in the next subsection, there are
sequences S in the unit disc for which the restriction operator is surjective, but
not bounded.
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It is interesting and useful to restate the separation condition in terms of
hyperbolic distance: (Sep) in the Dirichlet space D holds for the sequence S in
D if and only if there are positive constants A, B such that, for all z #w € S

max{d(z),d(w)} < Ad(z,w) + B.

This huge separation, which is related to the hyperbolic invariance of the Dirich-
let norm, compensates -in the solution of the interpolating sequences problem
and in other questions- for the lack of Blaschke products. In fact, it allows
much space for crafting holomorphic functions from smooth ones, with little
overlapping.

Proof(s) discussion. [MaSu]. In their article, Marshall and Sundberg first
developed a general theory concerning interpolating sequences in spaces with the
complete Nevanlinna-Pick property. In particular, they reduced the problem of
characterizing the interpolating sequences for D to that of the interpolating se-
quences for its multiplier space. This left them with the (hard) task of showing
that, given (Sep) and (CM), one could interpolate bounded sequences by multi-
plier functions. In order to do that, they first solved the easier (but still difficult)
problem of interpolating the data by means of a smooth function ¢ : D — R,
having properties similar to those of a multiplier in M(D): ¢ is bounded, it has
finite Dirichlet norm and, more, |Vy|2dA € CM (D).

The basic building block for constructing such ¢ are functions ¢, attached
to points z in D, which are, substantially, the best smoothed version (in terms
of Dirichlet integral) of the function xg,, where

$(z)={weD: jw- ﬁ < (1-2)°}
(o < 1 suitably chosen) is the “enlarged Carleson box” having center in z. The
separation condition (Sep) ensures that, if z, 2o are points of the sequence S
and supp(pz, ) Nsupp(p,,) # 0, then one of the points has to be much closer
to the boundary than the other. This is one of the two main tools (the other
being the Carleson measure condition, which further separates the points of
the sequence) in the various estimates for linear combinations of basic building
functions. These basic building blocks and their holomorphic modifications are
the main tool in the proofs of the interpolating theorems in [Bol] and [ARS5].

The rest of the proof consists in showing that one can correct the function
, making it harmonic, and from this one easily proceeds to the holomorphic
case.

Bishop uses as building blocks conformal maps, instead (see [Bi], p.27). In
his article, he observes that the construction of the interpolating functions for D
does not require the full use of the assumption (CM): contrary to the Hardy case,
there are sequences S for which the restriction operator is onto and unbounded.
We will return on this in the next section.

Boe’s short proof in [Bo2] is less constructive, and it relies on Hilbert space
arguments. However, in his paper [Bol], dealing with the more general case of
the analytic Besov space, Bée has an explicit construction of the interpolating
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sequences for D and M(D). He makes use of holomorphic modifications of
the functions ¢, in [MaSu], which are the starting point for a hard and clever
recursion scheme.

It is clear from the construction in [Bo2] that, under the assumptions (Sep)
and (CM), one has linear interpolation of data, both in D and M(D): there
exist linear operators Lg : £°(S) — M(D) and Ag : £2(S,w) — D s.t. Ls{as :
s € S} solves the interpolating problem in M(D) with data {as : s € S} €
£>(S) and Ag{bs : s € S} solves the interpolating problem in D with data
{bs: s€ S} eP(Sw). m

7.2 Weak interpolation and “onto” interpolation

A sequence S in D is onto interpolating if the restriction operator Rg maps
D onto ¢*(S,w). We do not ask the operator Rs to be bounded (hence, to
be defined on all of D). It follows from the Closed Graph Theorem that, if
S is onto interpolating, then it is interpolating with norm control: there is a
constant C' > 0 s.t. for {as : s € S} € £2(S,w) there is f € D s.t. f(s) = as
and || fllp < C|{as : s € S}|¢2(s,w). Furthermore, interpolation can be realized
linearly.

A sequence S in D is weakly interpolating if there is C' > 0 s.t., for all
so € S there is fs, € D with fs,(s) = 0s,(s) for s € S (ds, is the Kroenecker
function) and norm control ||fs, ]2, < C‘|550||?2(S7w) ~ d(sg)~!. Clearly, weakly
interpolating is weaker than onto interpolating.

Remark 30 (a) Weak interpolation (a fortiori, onto interpolation) implies
the separation condition (Sep).

(b) By adding a finite number of points to an onto interpolating sequence, we
obtain another onto interpolating sequence.

A geometric characterization of the onto interpolating sequences is still lack-
ing. However, the following facts are known.

Theorem 31 (Bishop [Bi]) The sequence S is onto interpolating if and only
if it is weakly interpolating, and this is in turn equivalent to having weak inter-
polation with functions which satisfy the further condition that || fs|| ey < C
for some constant C.

The proof of Bishop’s Theorem involves the clever use of a variety of sophisti-
cated tools. It would be interesting having a different proof (one which worked
for the analytic Besov spaces, for instance). Unfortunately, establishing whether
a given sequence S is weakly interpolating is not much easier than establishing
if it is onto interpolating.

Both Bishop [Bi] and Boe realized that a sequence S is onto interpolating
if the associated measure pg satisfies the simple condition (13) instead of the
stronger Carleson measure condition (CM). The simple condition implies, in
particular, that the measure ug is finite and Bishop asked whether there are
onto interpolating sequences with infinite ug. The answer is affermative:
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Theorem 32 ([ARS5]) There exist sequences S in D with pg(D) = +oo,
which are onto interpolating for D.

The proof of Theorem 32 relies on a modification of Bbe’s recursive scheme,
using Boe’s functions.

In [ARSS5] there is another partial result, which extends the theorems of
Bishop and Bée. In order to state it, we have to go back to the tree language.
Let 7 be the dyadic tree associated with the disc D. By Remarks 30, we can
assume that each box « in 7 contains at most one point from the candidate
interpolating sequence S in . We can therefore identify points in S with
distinguished boxes in 7. We say that S in D satisfies the weak simple condition
if for all o in 7,

> ns (B) < Cd ()" (49)

BES, BZa
ps(v)=0 for a<y<p3

Theorem 33 ([ARS5]) Let S be a sequence in D and suppose that ps(D) <
oo. If ps satisfies (Sep) and the weak simple condition (49), then S is onto
interpolating for D.

We observe that the weak simple condition can not be necessary for onto in-
terpolation. In fact, it is easy to produce examples of sequences S satisfying
(49), having subsequences S’ (which are then onto interpolating for D) for which
(49) is not satisfied. Such examples, however, have pug(D) = +o0o. We do not
know whether, under the assumptions pug(D) = +00 and (Sep), the weak simple
condition is necessary for onto interpolation.

As a last, partial result about onto interpolation, let us mention a necessary
condition of capacitary type. If S an onto interpolating sequence for D in D,
which we might identify with a subsequence of the tree 7, then the discrete
capacitary condition holds:

to each sg in S, there corresponds a positive function ¢s, on 7 such that
@507 < Cd(s0)™" and ¢y, (s) = 04, (s) whenever s € S.

A proof of this fact easily follows from Proposition 8. The discrete capacitary
condition can be stated in terms of discrete condenser capacities:

Capr(S\ {so}, {so}) < Cd(so)~".

A reasonable conjecture is that the discrete capacitary condition, plus the sep-
aration condition (Sep), are necessary and sufficient in order for S to be onto
interpolating. Other material on the problem of the onto interpolating sequences
is in [ARS5].
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