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① Intro E- Betti numbers

② Recent results by Loh -U

③ Why should you care about E-Betti numbers?

→ conjecture by Gromov



① INTRO 22 -BETTI NUMBERS

setups G : countable group
✗: CW-cplx w/ free, finite type,

cellular action G#
i.e. . ✗

% is compact←

Recall: bn (×, E) : = dime Hn(×, e) C-Nuts}



① INTRO 22 -BETTI NUMBERS

setups G : countable group
✗: CW-cplx w/ free, finitely,

cellular action Got \
i.e. . Xing is compact←

Recall: bn CHE) : = dime Hn(×, e) c-x

Def b!'(Ga×):=dimqHn%a×) c- A≥◦
Hn"CGaX) = reduced homology

of C:# ☒etc
EG

etc> = { a :G → a /£→tagP< •}



Dels b↑(Gas) : =dima.lt?fGn-HeRzodimq--von Neumann dimension
.

② ingen ER≥o (not c-µ)

② dima. 1- =o⇔ 1--50 (faithfulness)
③ dima.IQ/--1,shoy- (normality)
④ additive undattweak.ly) exact sequences
⑤ If HCG of finite index

,
then

dim,µA_
= [Gilt] . dima A

by restriction .



f-Betti numbers share many properties of (ordinary)
Betti numbers .
Additional power : Restriction property :

If HCG fin index subgroup, then .

b:'(Hat) = [G :*] bit:# at)



E-Betti numbers share many properties of (ordinary)
Betti numbers .
Additional power : Restriction property :

If HCG fin index subgroup, then .

bi⇒CHax) = [4:43

bn.fr#aX)Example:-(Gfinite.)bnGF)--bi(nax)--lGl.b:'(Garx)

⇒ b:'(Gax) = £11bn#



EI (degree O)
If ✗ is connected,

b.¥4 ×) = ¥

(1--0)



EI ZAR

+1 c-&

~

-
- -2 - I 0 1 2 . - -

than b:'(ask) = 0

Later : not a surprise : &
- EZ. = ÑZ

and 2- is
amenable

cheeger-Gromov ⇒
all#Betti
numbers vanish

.



EI : F2 ~ 5¥ = :EE

-

in" /Faa F-Fa) = {
^ n=1

O n -1-1



Modern viewpoint: homological L2-Betti numbers

classical viewpoint : cohomo logical
[cheeger- Gromov]

finite type ⇒ b=b"⇔



② RECENT RESULTS

Q (Atiyah '76) : can BE'(Got) be irrational?

A (Austin 43) : Yes . Even : uncountable, many
members

can occur.

A ( Grabowski 114
Pichot-Schick- Zak 45) :

# numbers in A≥o can occur
.

Q (refined) : which numbers occur ?

[given some hypotheses onG)



Def The L2 -Betti numbers arBingfrom_ G
are all numbers of the form

is:'(↳ax)
for some MEN
* : free, tintype G-cw-cp.lt .



DeI The L2 -Betti numbers arBingfrom_ G
are all numbers of the form

is:'(↳ax)
for some MEN
* : free, tintypeG-cw-cpcx.be/-:-The E -Betti numbers -0ft

.

G

are all numbers of the form

is:'(Gar EG )
for some NEN

EG -_ ÑG : classifying space



Thm_ ( Groth 42
,
Pichot- Schick-Eek '15

,)
Loh -U 122

The set of E- Betti numbers arising from
all finitely generated groups

• with solvable word problem, and
• Sofia (e.g. free or amenable )

is equal to EC≥o .

-
set of non-neg

real numbers with computable

binary expansion (effectively computable numbers)



Def ref is effectively computable if thereex.

a. Turing machine (an algorithm, a computer program)
that outputs the binary expansion ofr.

→Caequiuaenty : decimal)E± algebraic numbers, IT, e

←
3.14159 . . . . . . _



Thm_ ( Groth 42
,
Pichot- Schick-Zak '15

,]
Loh -U 122

The set of E- Betti numbers arising from
all finitely generated groups
9. with solvable word problem, and
• Sofia (e.g. free or amenable )

is equal to EC≥o .

of "
is contained in " i.ie.br?(GnuX)c-F-G-oAc-MnxnteG)-7tEG-A)ʰ

need entries on diag Corr to e. c-G.



"Easier case :
"

G finitely presented,
residualy finite .

Thm_ (Liick approximation)
(G)i.≤µ be a residual chain of G.

b:'(4 at) = cimbnk.I.CI
c-→• [G :GD

strategy ① Need to find a res. chair (G)E-µ .

SE
. it bn¥,§)_ is algorithmically

computable
.

7-④② Bound the "

error
"

/ "speedof convergence "
③ Need result on EC numbers : c- EC



In general ( G finger, Sofia, solvable wordproblem) :

strategy :
④ Describe it-Betti

numbers using a measure-
theoretic settings G) spectral measures)

② Find some approximation that is computable

③ Bound error

→ algo that computes binary expansion
of b:'(Got)



Thm (Loh -n'22) All E-Betti numbers arising from
finitely presented groups are contained in RI

F-⇐ F-↳ No F-G. _ "

right- computablenumbers offeringdegree 1

knowi-EG-oc-LE-B.IE?c-KcD≥o
Key : word problem in fin pres . groups is semi-decidable.



⑤ WHY SHOULD YOU CARE ABOUT

E-BETTI NUMBERS?

Conjecture (Gromov) µ : asph. , ok
mfd.

If HM11 =O , then , for
all may

b:'(M) :=biff =O
=b:'(Inca))

In particular :

HM? -_£µEÑn"(a) = 0



commonproperfies.multiplioat.ieunder finite coverings -/subgroup

• satisfy proportionality principle
with volume

.

• vanishing results in the
amenable ease ;

""""""" ""

"
""""

G : countable
,

amenablegroup. µ : asph; occ Mfd,
Then
, for n≥^ ' Inca) -1-1 amenable, then

b↑(G) =-0 KM11-0.

"

bit(Ga EG)

(Generalisation : If exists an amenable covers of
malt ≤ ✓ dim)



Known result :

the Md
.
a spherical, ooo mfd
d

E.+bMm) ≤ Cdu) m
h-_0 in#foliated simp.ro.

corollaryj.lt in = 0
,
then b:'(m) = 0



THANK YOU !



EI :(a real number ¢ F-c)
Let HC1N be a subset that is

not decidable (e.g . the Halting set,
see below) . Then

,

& ¢EC
HEH

EI (Hatting set)
Let Mo

,
Ms, _

. _ .
be an (algorithmically enumerable)

list of all possible Turing machines . Then,
the Halket is

It := {next Mn halts on empty input} ex


