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Quasilinear equations of p-Laplacian type

Let E C RY open and E; := E x (0, 7).

We start by considering the parabolic equation with respect to the
p-Laplacian

u, —div (|DuP2 Du) =0, p>1, weaklyin Ep,
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Quasilinear equations of p-Laplacian type

Let E C RY open and E; := E x (0, 7).

We work with a class of homogeneous parabolic equations, given a vector
field A: Ep x RN*1 RV,

u, —divA(z, t,u, Du) =0, weakly in Ep.
Here A must respect the following a.e. in Er,
A(x,t,u, Du) - Du > Cy|Dul?
{|A(Jc,t,u,Du)| < Cy|Dulpt
with p > 1 and C;, C; > 0.
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Quasilinear equations of p-Laplacian type

Let E C RY open and E; := E x (0, 7).

We work with a class of homogeneous parabolic equations, given a vector
field A: Ep x RN*1 RV,

u, —divA(z, t,u, Du) =0, weakly in Ep.
Here A must respect the following a.e. in Er,
A(x,t,u, Du) - Du > Cy|Dul?
{|A(Jc,t,u,Du)| < Cy|Dulpt
with p > 1 and C;, C; > 0.

A function u € Cy.(0,T; L2 (E)) N LP. (0,T; W,-P(E)) is a local, weak

loc loc loc

sub(super)-solution, if V K C E compact, and V [ty,t,] C (0,71,

/ up dx
K

V testing functions ¢ € W,-2(0,T; L*(K)) N L”

loc loc

23 to
+/ / (—up, + A- Dyp) dedt < (>)0
ty ty K

0, T;WyP(K)). 23



The Harnack inequality for non-degenerate homogeneous equa-

tions (p = 2)

Consider the case p = 2, this is the first generalization of the heat
equation.

We introduce
Cubes K.(z) ={zeRN: |z,—7,| <r Vi}
Cylinders  Q; .(z,t) = K,.(T) x (t+(0,2]).

P
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The Harnack inequality for non-degenerate homogeneous equa-

tions (p = 2)

Consider the case p = 2, this is the first generalization of the heat
equation.
We introduce
Cubes K.(z) ={zeRN: |z,—7,| <r Vi}
Cylinders Q; .(%,1) = K.(T) x (t+(0,2]).

Theorem (See [Mos64])

Let u > 0 be a continuous, local, weak solution to the non-degenerate
equation in Ep. Then, 3 > 0 depending only on the data (N,C,,C,)
such that

vt osup u(, tg — p?) S ulzg,te) < inf u(,to + p?),
K ,(x0) K, (o)
with the condition that Q7 , > C Er.

3/23



Sketch of the proof

We will use the notation
|K N B|

K|
P.(K;u>k)=P(K; {x: u(x,t) > k}).

P(K; B) =
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Sketch of the proof

We will use the notation
|K N B

K|
P.(K;u>k)=P(K; {x: u(x,t) > k}).

P(K; B) =

The key ingredient is the expansion of positivity.
Lemma

If for some (x,t,) € Ep, and p > 0 we have
Pto(Kp(%); u>k)>a

for some k > 0 and . € (0,1), then there exists 1, € (0,1) depending
only on the data and « such that

)
u>nk in Ky,(zg) % (to 4 (§p2,5p2]> .
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Sketch of the proof

Observe that by the expansion of positivity
Py, (K (@) u= k) = = Py o(Kop(wo)i u > k) = 1,

we get an iteration.
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Sketch of the proof

Observe that by the expansion of positivity
Py, (K (@) u= k) = = Py o(Kop(wo)i u > k) = 1,

we get an iteration.
Therefore, from P, (K, (z); u > k) > & we get
(T’

s 20

thus proving that the left hand side is bounded from below by 7 > 0.
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The Harnack inequality for quasilinear degenerate equations

We treat the degenerate case, where p > 2.
Theorem

Let u > 0 a continuous, local, weak solution to the degenerate equation
in Eq. Then, 3¢, > 0 depending only on the data and such that

771 sup U(', tO 7 Qpp) < u<107t0) < Y inf u('vtO + Qpp)v
K ,(xq) K, (zq

with the condition that Q} , o.4,» (o, to) C Er.

In this case the inequality is intrinsic to the solution, in particular

- p—2
g— (¢
(U(’foa to) )
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The Harnack inequality for quasilinear degenerate equations

We treat the degenerate case, where p > 2.

Theorem
Let u > 0 a continuous, local, weak solution to the degenerate equation
in Eq. Then, 3¢, > 0 depending only on the data and such that

771 sup U(', tO 7 Qpp) < u<107t0) < Y inf >u<'7t0 + Qpp)v

K ,(xq) K, (zg

with the condition that Q} , o.4,» (o, to) C Er.

In this case the inequality is intrinsic to the solution, in particular

(‘ p—2
'~ ()
u(zg, to)

The “intrinsic” cylinders are natural because they correspond to the
re-scalings of the solution that are compatible with the equation. For a
wider analysis see [DiB93, DGV12] 6/23



The Harnack inequality for quasilinear degenerate equations

The key difference is that for p > 2, the forward time-interval in the
expansion of positivity depends on the value k
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The Harnack inequality for quasilinear degenerate equations

The key difference is that for p > 2, the forward time-interval in the
expansion of positivity depends on the value k

Lemma

If for some (x,t,) € Ep, and p > 0 we have
Pto(Kp(l’o); u>k)>a

for some k > 0 and . € (0,1), then there exists n,d € (0,1) and b > 1,
depending only on the data and « such that

u>nk in Ky, (zg)

for all times
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Barenblatt profile

The obstruction to a non-intrinsic Harnack is explicit. For
u, = div(|Du[P72Du), p > 2, the fundamental solution is

—1

1 T = o
+
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Barenblatt profile

The obstruction to a non-intrinsic Harnack is explicit. For
u, = div(|Du[P72Du), p > 2, the fundamental solution is

—1

1 T = o
BP“v“ZwK“”(Jm) H . A=N(p-2)+p.
+

= the compact support expands like t!/*, i.e. the natural cylinders
depend on the size of u;

= hence no Harnack in K, x (to,t, + pP).
The waiting time 6p? is unavoidable.
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The anisotropic Trudinger’s
equation




Leibenson (1930), turbulent filtration of a gas in a porous medium:
o™ = c A u, (m +1=p= %) .

For m = p — 1 the equation is homogeneous and doubly nonlinear, and
Moser's method yields a Harnack estimate [Tru68].
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Leibenson (1930), turbulent filtration of a gas in a porous medium:
o™ = c A u, (m +1=p= %) .

For m = p — 1 the equation is homogeneous and doubly nonlinear, and
Moser's method yields a Harnack estimate [Tru68]. Observe that if we
set v = u"", the equation above can be re-written as

O =¢div (v |Vo[P~2Vu) withe = £+, ¢= 7@_1);1_7").
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Leibenson (1930), turbulent filtration of a gas in a porous medium:
o™ = c A u, (m +1=p= %) .

For m = p — 1 the equation is homogeneous and doubly nonlinear, and
Moser's method yields a Harnack estimate [Tru68]. Observe that if we
set v = u"", the equation above can be re-written as

O =¢div (v |Vo[P~2Vu) withe = £+, ¢= 7@_1);1_7").

We are interested in the case m =p — 1,

Oy = div (v* 7P |Vo[P2Vu) .
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Different materials diffuse with different power laws along different
directions. Our equation is

N
ou — Z 0; (1[2’1"&
i=1

where 1 < p; <--- < pp and we denote by p the harmonic mean,

o;u

prQ(?iu) =0, u >0,

1 1 1 )
];:NZE, with p < N.
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Different materials diffuse with different power laws along different

directions. Our equation is

N
Oyu — Z 0; (1[2’p'i
=1

where 1 < p; <--- < pp and we denote by p the harmonic mean,

1 1 .
NZE, with p < N.

prQ(?iu) =0, u >0,

o;u

17
p

The equation is homogeneous in u, therefore it has no intrinsic geometry.
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Weak Harnack inequality

Let’s introduce

Cubes K.(z) ={xeRVN: |z,—7,| <r Vi}
Anisotropic cubes X, (x) = {x ERN: |z, —T,| <17, Vi}
Cylinders (@) =X .(T) x (t+(0,2])
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Weak Harnack inequality

Let's introduce
Cubes K.(z) ={xeRVN: |z,—7,| <r Vi}
X, (T) —{xE[RN. |:LZ-—.TZ-‘<7T’1,VZ'}
t) =X,.(T)x (t+(0,2])

Anisotropic cubes
Cylinders (T,

Theorem (Ciani, G., Skrypnik, 2026)

If for some p > 0, u > 0 is a local weak supersolution of the equation
in Q3 o (T0r o)

then 38,,q € (0,1),v > 1 depending only on the data (N, p;), such

that )
q
ul(z,s)dx | <~ inf wu(-,t),
(]f(p(%) ) Kop(@o)

for all t €ty + <%°pp,50pp).
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Energy estimates

Let u > 0 be a local weak sub(super)-solution, ¢ a cutoff vanishing on
0K \(xg), k>0, m = —=. Then

sup / ( m km CpN + = Z ﬂ u Pp]\]z\/ pf
tety+(—z,0)

@o) 2(z0st0)

b CPN

( ™ — km>i

r

S/ e pettnn 2 ’“mc”””// g
DSl e

= (To> U)
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Energy estimates

Let u > 0 be a local weak sub(super)-solution, ¢ a cutoff vanishing on
0K \(xg), k>0, m = —=. Then

sup / ( m km CpN + = Z ﬂ u Pp]\]z\/ pf
tety+(—z,0)

zg) 2(z0st0)

e CPN

( u™ — km>i

r

< / [ s // sl kGl
+WZ// B (u m—kmf;

7‘7'1'0 U)

The doubly nonlinear nature sits in the terms

1 .
gu(wm ) = [ E e ), ds
They respect the following estimate for some v > 0

. m#il m_’m2< < m ,m%*l m_m2
YR U)W = k) < gy <R u™) T (u™ =BT 11/23



Energy estimates

Let u > 0 be a local weak sub(super)-solution, ¢ a cutoff vanishing on
0K \(xg), k>0, m = —=. Then

Sllp / ( m k,ﬂ? C])N + Z ﬂ U p\ 1
teto+(—2,0)

K (zq) Qr,z(z0:t0)

g/ g (™, Km)PN +7// kG
YK (o) x{to—2}

(zo, to

> // u Am)’”'
(wg,to)

P (Pw

( m knl )

The doubly nonlinear nature sits in the terms

1
g, (u™ k™) = +— lm sm1(s — k™), ds
They respect the following estimate for some v > 0
a1 a1
YR am) T = )L < gy SR ™) (i — k)

+ 11723
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Refined expansion of positivity

Lemma (measure information travels in time)

Let w > 0 local weak super-solution to the equation in
Q = Kg(xy) X (to +(0,1)), and Ja € (0,1),k > 0 such that

Pto(jc1(x())§ u>k)> o
Then, 31,,0, € (0,1) depending only on the data and «, such that

P,(X\(2g); u>mk) >

Here the dependence is explicit

aPNTL(1 — )
—
for some v > 0 depending only on the data.

0, ~
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Refined expansion of positivity

Lemma (Expansion of positivity, De Giorgi-type, see [CHSS26])
Let u > 0 local weak super-solution, and 37,k > 0, a € (0,1) with

2

to

(%, (w); u> ) >
Then 31,6 € (0,1) depending only on the data and «, such that

u(,t) >nk in Ky, (xg), Vt €ty + (SrP,6r7).

The non-explicit dependence 7 = n(a) makes it hard to iterate.
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Refined expansion of positivity

Lemma (Refined expansion of positivity)
Let u > 0 local weak super-solution, and 37,k > 0, a € (0,1) with

2

to

(%, (w); u> ) >
Then 3n,6 € (0,1) and d > 1 depending only on the data and-e, such that

u(-,t) > nalk in Ko, (2,), Vt €ty + (SrP,6r7).

The dependence on « is now a power with exponent

v+ 1 ) .
d=1+ (2 + (p‘\;_ ) logQ(n*l))
1

This will make the layer-cake integral converge in a moment.
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Sketch of proof for the weak Harnack inequality

We set (x,t,) = (0,0) and

Il 8= inf u.
Ko px (%’ppﬁo/ﬂ))

and we use the layer-cake formula

p|'

/ ul(x,0)de < q/ [{u(-,0) > k} N X | k¢t dk + 19X
x, 1
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Sketch of proof for the weak Harnack inequality

We set (x,t,) = (0,0) and

Il 8= inf u.
Ko px (%“ppﬁopp)

and we use the layer-cake formula

p|'

/ ul(x,0)de < q/ [{u(-,0) > k} N X | k¢t dk + 19X
%, I

We apply the refined expansion with a(k) := Py(X ,; u > k)

We get a(k)? < nik therefore if we choose g < % then the integral
converges and gives

/ uq('70) S’)/Iq|‘7Cp|
Ko
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Refined L*° bound

In order to prove a (non-weak) Harnack inequality, we refine the L™
bound for a subsolution.

Lemma
If (zg,t9) € Ep and 6, p > 0 such that Qy, g4, (T, o) C Er.

If w > 0 is a subsolution, then

Q=

N(-pp)
sup u <~y ren sup ][ ul(x,t) dz
Q. 0,0 (T0,t0) teto+(=0p?,0) K ()
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Upper semicontinuity

Through a De Giorgi-type lemma, we can prove the following result of
semicontinuity

Lemma

Every u > 0 local weak subsolution has an upper-semicontinuous
representative u*.

The semicontinuous regularisation is defined as

u*(x,t) :=ess limsup u(y,s) = lim esssupu
(y:5)=(@,t) P07 Q, (z,t)*
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Weak Harnack implies Harnack

Theorem (Ciani, G., Skrypnik, 2026)

Suppose (zy,t,) € Ep and 0, p > 0 such that Qj C Ep, then
p P

) p
2 (4p)

supu < vinfu
D Qr

with

0y ., 36
QS = Q;’JTOPP(:EOatO)v Q[ = jcp(m0> X (t() + (50/)1)7 Topp>)
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Weak Harnack implies Harnack

Theorem (Ciani, G., Skrypnik, 2026)

Suppose (zy,t,) € Ep and 0, p > 0 such that Qj C Ep, then
p P

) p
2 (4p)

supu < vinfu
D Qr

with

0y ., 36
QS = Q;’JTOPP(:EOatO)v Q[ = jcp(m0> X (t() + (50/)1)7 Topp>)

[ ]a]

Qs
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Sketch of the proof

By the refined L>° bound,

1
q

v supu < sup ][ ul(x,t) dx
Qs tety+(—0pP,0) _7Cp(a:0)
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Sketch of the proof

By the refined L>° bound,

v supu < sup ][ ul(x,t) dx
Qs tety+(—0pP,0) _7Cp(a:0)

We consider the upper-semicontinuous representative of u, then

t |u(e, attains its sup at some 7 € [t, — 0pP, t,].

Dl
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We apply the weak Harnack to the right hand side to get

sup u < 7y infu.
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Sketch of the proof

By the refined L>° bound,

v supu < sup ][ ul(x,t) dx
Qs tety+(—0pP,0) _7Cp(a:0)

We consider the upper-semicontinuous representative of u, then

t |u(e, attains its sup at some 7 € [t, — 0pP, t,].

O,
We apply the weak Harnack to the right hand side to get

sup u < 7y infu.
Qs Qr

with Q@ = X ,(x,) x (T + (%Opp.,éopp)), up to re-scaling the time
interval, we can drop the dependency on 7. O

17/23



Sub-potential lower bounds and time-decay

Theorem (Ciani, G., Skrypnik, 2026)

Let u > 0 be a local weak solution in RN*1. Then 3y > 0 depending
only on the data such that, fort > s,

u(z,t) > v uly, s) B(z,t,y, 5),

z; —yi|” P
s (-3 (B245) )

In a bounded E;- the same chain gives a decay in time,
A

u(z,t) >yt (E) u(y, s) B(x, t,y, s).

where
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Sub-potential lower bounds and time-decay

Theorem (Ciani, G., Skrypnik, 2026)

Let u > 0 be a local weak solution in RN*1. Then 3y > 0 depending
only on the data such that, fort > s,

u(z,t) > v uly, s) B(z,t,y, 5),

Li — ipi mT
s (-3 (B245) )

In a bounded E;- the same chain gives a decay in time,
A

u(z,t) >yt (E) u(y, s) B(x, t,y, s).

This result applies to the entire class of functions respecting the energy

where

estimates.
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Sketch of proof

Harnack chain. From the Harnack ¢
PH(zq, tg)

inequality, if we set § = =2, we get PH(ag, )

4

u(zg,ty) < C inf wu(-,ty + 0pP).
x (io)

(x, t)

The point (z,t) is reached along a

segment through n points (z;,1;),

each inside the forward paraboloid of (®1,1)

the previous one,

(zg,tg)=(y,s)

PH(z,t) = {(x,ﬁ) 10|z —

i<t —1 Vi,
so that u(z;,t;) < Cu(xjyq,t5,)

J 3
RCA)
u(y, s)

1
lwl (Ol \ 7
~1 z =
e +0p1’ +Zi: (8p)1/m + s 19/23

< C™, with




A Barenblatt-type profile

The function B is a natural candidate as a solution for the prototype
equation u, = Y. 9; (u* Pi|d;ulP2d;u).

Indeed, :
_ « |.’1?1 PN
B(x,t) = Dt*exp ( ch< r

i

is a solution of the equation, for

e <70 pi—1

1 K2
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A Barenblatt-type profile

The function B is a natural candidate as a solution for the prototype
equation u, = Y. 9; (u* Pi|d;ulP2d;u).

Indeed, )
_ o |.’1?1 PN
B(x,t) = Dt*exp ( ch< r

i

is a solution of the equation, for

il
o= (n- 0" )7, a=-30(G2s)

Recall that for the isotropic Trudinger's equation, the Barenblatt
solution is

1 A p
By(@,t) = w7 oxP (—€<tf}|> ) £=(p—1)p 7T
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More general structures

Weak Harnack, Harnack and the sub-potential bounds only used the
energy estimates. Hence they hold for

Uy — ZDiAi(x,t,u,Du) =0 weakly in Ep,

with A, Carathéodory functions satisfying

p;

{Ai(m.,t,s,ﬁ) & > Ky s*7Pilg V(s,£) € R, x RN
) + :

|Ai<x7ta Sa€>| S KQ 527137/ €i|pi_1
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More general structures

Weak Harnack, Harnack and the sub-potential bounds only used the
energy estimates. Hence they hold for

Uy — ZDiAi(x,t,u,Du) =0 weakly in Ep,

with A, Carathéodory functions satisfying

p;

{Ai($7t7s7§> gz > Kl 82_1)1‘57; V(s f) eR, x [RN
’ + :

|Ai<x7ta Sa€>| S KQ 527137/ €i|pi_1

Such operators need not satisfy a comparison principle.

Open. Continuity of bounded solutions to the anisotropic p-Laplacian
=
Uy — Zz 0;(|0;u ! dyu) = 0.

21/23



Thank you for your attention!
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