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Quasilinear equations of 𝑝-Laplacian type

Let 𝐸 ⊂ ℝ𝑁 open and 𝐸𝑇 ∶= 𝐸 × (0, 𝑇 ].
We start by considering the parabolic equation with respect to the
𝑝-Laplacian

𝑢𝑡 − div (|𝐷𝑢|𝑝−2 𝐷𝑢) = 0, 𝑝 > 1, weakly in 𝐸𝑇 ,

We work with a class of homogeneous parabolic equations, given a
vector field 𝐴∶ 𝐸𝑇 × ℝ𝑁+1 → ℝ𝑁 ,

𝑢𝑡 − div𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) = 0, weakly in 𝐸𝑇 .
Here 𝐴 must respect the following a.e. in 𝐸𝑇 ,

{𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) ⋅ 𝐷𝑢 ≥ 𝐶0|𝐷𝑢|𝑝

|𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢)| ≤ 𝐶1|𝐷𝑢|𝑝−1

with 𝑝 > 1 and 𝐶0, 𝐶1 > 0.

A function 𝑢 ∈ 𝐶loc(0, 𝑇 ; 𝐿2
loc(𝐸)) ∩ 𝐿𝑝

loc(0, 𝑇 ; 𝑊 1,𝑝
loc (𝐸)) is a local, weak

sub(super)-solution, if ∀ 𝐾 ⊂ 𝐸 compact, and ∀ [𝑡1, 𝑡2] ⊂ (0, 𝑇 ],

∫
𝐾

𝑢𝜑 𝑑𝑥∣
𝑡2

𝑡1

+ ∫
𝑡2

𝑡1

∫
𝐾

(−𝑢𝜑𝑡 + 𝐴 ⋅ 𝐷𝜑) 𝑑𝑥𝑑𝑡 ≤ (≥) 0

∀ testing functions 𝜑 ∈ 𝑊 1,2
loc (0, 𝑇 ; 𝐿2(𝐾)) ∩ 𝐿𝑝

loc(0, 𝑇 ; 𝑊 1,𝑝
0 (𝐾)).

2/23



Quasilinear equations of 𝑝-Laplacian type

Let 𝐸 ⊂ ℝ𝑁 open and 𝐸𝑇 ∶= 𝐸 × (0, 𝑇 ].
We work with a class of homogeneous parabolic equations, given a vector
field 𝐴∶ 𝐸𝑇 × ℝ𝑁+1 → ℝ𝑁 ,

𝑢𝑡 − div𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) = 0, weakly in 𝐸𝑇 .
Here 𝐴 must respect the following a.e. in 𝐸𝑇 ,

{𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) ⋅ 𝐷𝑢 ≥ 𝐶0|𝐷𝑢|𝑝

|𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢)| ≤ 𝐶1|𝐷𝑢|𝑝−1

with 𝑝 > 1 and 𝐶0, 𝐶1 > 0.

A function 𝑢 ∈ 𝐶loc(0, 𝑇 ; 𝐿2
loc(𝐸)) ∩ 𝐿𝑝

loc(0, 𝑇 ; 𝑊 1,𝑝
loc (𝐸)) is a local, weak

sub(super)-solution, if ∀ 𝐾 ⊂ 𝐸 compact, and ∀ [𝑡1, 𝑡2] ⊂ (0, 𝑇 ],

∫
𝐾

𝑢𝜑 𝑑𝑥∣
𝑡2

𝑡1

+ ∫
𝑡2

𝑡1

∫
𝐾

(−𝑢𝜑𝑡 + 𝐴 ⋅ 𝐷𝜑) 𝑑𝑥𝑑𝑡 ≤ (≥) 0

∀ testing functions 𝜑 ∈ 𝑊 1,2
loc (0, 𝑇 ; 𝐿2(𝐾)) ∩ 𝐿𝑝

loc(0, 𝑇 ; 𝑊 1,𝑝
0 (𝐾)).

2/23



Quasilinear equations of 𝑝-Laplacian type

Let 𝐸 ⊂ ℝ𝑁 open and 𝐸𝑇 ∶= 𝐸 × (0, 𝑇 ].
We work with a class of homogeneous parabolic equations, given a vector
field 𝐴∶ 𝐸𝑇 × ℝ𝑁+1 → ℝ𝑁 ,

𝑢𝑡 − div𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) = 0, weakly in 𝐸𝑇 .
Here 𝐴 must respect the following a.e. in 𝐸𝑇 ,

{𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) ⋅ 𝐷𝑢 ≥ 𝐶0|𝐷𝑢|𝑝

|𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢)| ≤ 𝐶1|𝐷𝑢|𝑝−1

with 𝑝 > 1 and 𝐶0, 𝐶1 > 0.

A function 𝑢 ∈ 𝐶loc(0, 𝑇 ; 𝐿2
loc(𝐸)) ∩ 𝐿𝑝

loc(0, 𝑇 ; 𝑊 1,𝑝
loc (𝐸)) is a local, weak

sub(super)-solution, if ∀ 𝐾 ⊂ 𝐸 compact, and ∀ [𝑡1, 𝑡2] ⊂ (0, 𝑇 ],

∫
𝐾

𝑢𝜑 𝑑𝑥∣
𝑡2

𝑡1

+ ∫
𝑡2

𝑡1

∫
𝐾

(−𝑢𝜑𝑡 + 𝐴 ⋅ 𝐷𝜑) 𝑑𝑥𝑑𝑡 ≤ (≥) 0

∀ testing functions 𝜑 ∈ 𝑊 1,2
loc (0, 𝑇 ; 𝐿2(𝐾)) ∩ 𝐿𝑝

loc(0, 𝑇 ; 𝑊 1,𝑝
0 (𝐾)). 2/23



The Harnack inequality for non-degenerate homogeneous equa-
tions (𝑝 = 2)

Consider the case 𝑝 = 2, this is the first generalization of the heat
equation.

We introduce
Cubes 𝐾𝑟(𝑥) = {𝑥 ∈ ℝ𝑁 ∶ |𝑥𝑖 − 𝑥𝑖| < 𝑟, ∀𝑖}
Cylinders 𝑄+

𝑟,𝑧(𝑥, 𝑡) = 𝐾𝑟(𝑥) × (𝑡 + (0, 𝑧]) .

Theorem (See [Mos64])
Let 𝑢 ≥ 0 be a continuous, local, weak solution to the non-degenerate
equation in 𝐸𝑇 . Then, ∃ 𝛾 > 0 depending only on the data (𝑁, 𝐶0, 𝐶1)
such that

𝛾−1 sup
𝐾𝜌(𝑥0)

𝑢(⋅, 𝑡0 − 𝜌2) ≤ 𝑢(𝑥0, 𝑡0) ≤ 𝛾 inf
𝐾𝜌(𝑥0)

𝑢(⋅, 𝑡0 + 𝜌2),

with the condition that 𝑄±
4𝜌,(4𝜌)2 ⊂ 𝐸𝑇 .
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Sketch of the proof

We will use the notation

𝑃(𝐾; 𝐵) = |𝐾 ∩ 𝐵|
|𝐾|

𝑃𝑡(𝐾; 𝑢 ≥ 𝑘) = 𝑃(𝐾; {𝑥 ∶ 𝑢(𝑥, 𝑡) ≥ 𝑘}).

The key ingredient is the expansion of positivity.
Lemma
If for some (𝑥0, 𝑡0) ∈ 𝐸𝑇 , and 𝜌 > 0 we have

𝑃𝑡0
(𝐾𝜌(𝑥0); 𝑢 ≥ 𝑘) ≥ 𝛼

for some 𝑘 > 0 and 𝛼 ∈ (0, 1), then there exists 𝜂, 𝛿 ∈ (0, 1) depending
only on the data and 𝛼 such that

𝑢 ≥ 𝜂𝑘 in 𝐾2𝜌(𝑥0) × (𝑡0 + (𝛿
2𝜌2, 𝛿𝜌2]) .
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Sketch of the proof

Observe that by the expansion of positivity

𝑃𝑡0
(𝐾𝜌(𝑥0); 𝑢 ≥ 𝑘) ≥ 𝛼 ⇒ 𝑃𝑡0+𝜃𝜌2(𝐾2𝜌(𝑥0); 𝑢 ≥ 𝜂𝑘) = 1,

we get an iteration.

Therefore, from 𝑃𝑡0
(𝐾𝑟(𝑥0); 𝑢 ≥ 𝑘) ≥ ̃𝛼 we get

inf
𝐾𝜌(𝑥0)

𝑢(⋅, 𝑡0 + 𝜆𝜌2) ≥ ̃𝜂𝑘 ( 𝑟
𝜌)

𝛽
,

thus proving that the left hand side is bounded from below by 𝑚 > 0.

5/23



Sketch of the proof

Observe that by the expansion of positivity

𝑃𝑡0
(𝐾𝜌(𝑥0); 𝑢 ≥ 𝑘) ≥ 𝛼 ⇒ 𝑃𝑡0+𝜃𝜌2(𝐾2𝜌(𝑥0); 𝑢 ≥ 𝜂𝑘) = 1,

we get an iteration.

Therefore, from 𝑃𝑡0
(𝐾𝑟(𝑥0); 𝑢 ≥ 𝑘) ≥ ̃𝛼 we get

inf
𝐾𝜌(𝑥0)

𝑢(⋅, 𝑡0 + 𝜆𝜌2) ≥ ̃𝜂𝑘 ( 𝑟
𝜌)

𝛽
,

thus proving that the left hand side is bounded from below by 𝑚 > 0.

5/23



The Harnack inequality for quasilinear degenerate equations

We treat the degenerate case, where 𝑝 > 2.
Theorem
Let 𝑢 ≥ 0 a continuous, local, weak solution to the degenerate equation
in 𝐸𝑇 . Then, ∃ 𝑐, 𝛾 > 0 depending only on the data and such that

𝛾−1 sup
𝐾𝜌(𝑥0)

𝑢(⋅, 𝑡0 − 𝜃𝜌𝑝) ≤ 𝑢(𝑥0, 𝑡0) ≤ 𝛾 inf
𝐾𝜌(𝑥0)

𝑢(⋅, 𝑡0 + 𝜃𝜌𝑝),

with the condition that 𝑄±
4𝜌,𝜃(4𝜌)𝑝(𝑥0, 𝑡0) ⊂ 𝐸𝑇 .

In this case the inequality is intrinsic to the solution, in particular

𝜃 = ( 𝑐
𝑢(𝑥0, 𝑡0))

𝑝−2

The “intrinsic” cylinders are natural because they correspond to the
re-scalings of the solution that are compatible with the equation. For a
wider analysis see [DiB93, DGV12]
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The Harnack inequality for quasilinear degenerate equations

The key difference is that for 𝑝 > 2, the forward time-interval in the
expansion of positivity depends on the value 𝑘

Lemma
If for some (𝑥0, 𝑡0) ∈ 𝐸𝑇 , and 𝜌 > 0 we have

𝑃𝑡0
(𝐾𝜌(𝑥0); 𝑢 ≥ 𝑘) ≥ 𝛼

for some 𝑘 > 0 and 𝛼 ∈ (0, 1), then there exists 𝜂, 𝛿 ∈ (0, 1) and 𝑏 > 1,
depending only on the data and 𝛼 such that

𝑢 ≥ 𝜂𝑘 in 𝐾2𝜌(𝑥0)

for all times

𝑡 ∈ 𝑡0 + [( 𝑏
𝜂𝑘)

𝑝−2 𝛿
2𝜌𝑝, ( 𝑏

𝜂𝑘)
𝑝−2

𝛿𝜌𝑝] .
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Barenblatt profile

The obstruction to a non-intrinsic Harnack is explicit. For
𝑢𝑡 = div(|𝐷𝑢|𝑝−2𝐷𝑢), 𝑝 > 2, the fundamental solution is

ℬ𝑝(𝑥, 𝑡) = 1
𝑡𝑁/𝜆

⎡⎢
⎣

(1 − 𝑏( |𝑥|
𝑡1/𝜆 )

𝑝
𝑝−1

)
+

⎤⎥
⎦

𝑝−1
𝑝−2

, 𝜆 = 𝑁(𝑝 − 2) + 𝑝.

• the compact support expands like 𝑡1/𝜆, i.e. the natural cylinders
depend on the size of 𝑢;

• hence no Harnack in 𝐾𝜌 × (𝑡0, 𝑡0 + 𝜌𝑝).
The waiting time 𝜃𝜌𝑝 is unavoidable.
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The anisotropic Trudinger’s
equation



The equation

Leibenson (1930), turbulent filtration of a gas in a porous medium:

𝜕𝑡𝑢𝑚 = 𝑐 Δ𝑝𝑢, (𝑚 + 1 = 𝑝 = 3
2 ) .

For 𝑚 = 𝑝 − 1 the equation is homogeneous and doubly nonlinear, and
Moser’s method yields a Harnack estimate [Tru68].

Different materials diffuse with different power laws along different
directions. Our equation is

𝜕𝑡𝑢 −
𝑁

∑
𝑖=1

𝜕𝑖 (𝑢2−𝑝𝑖 |𝜕𝑖𝑢|𝑝𝑖−2𝜕𝑖𝑢) = 0, 𝑢 ≥ 0,

where 1 < 𝑝1 ≤ ⋯ ≤ 𝑝𝑁 and we denote by 𝑝 the harmonic mean,
1
𝑝 = 1

𝑁 ∑
𝑖

1
𝑝𝑖

, with 𝑝 < 𝑁.

The equation is homogeneous in 𝑢, therefore it has no intrinsic geometry.
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𝜕𝑡𝑢 −
𝑁

∑
𝑖=1

𝜕𝑖 (𝑢2−𝑝𝑖 |𝜕𝑖𝑢|𝑝𝑖−2𝜕𝑖𝑢) = 0, 𝑢 ≥ 0,

where 1 < 𝑝1 ≤ ⋯ ≤ 𝑝𝑁 and we denote by 𝑝 the harmonic mean,

1
𝑝 = 1

𝑁 ∑
𝑖

1
𝑝𝑖

, with 𝑝 < 𝑁.
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Weak Harnack inequality

Let’s introduce

Cubes 𝐾𝑟(𝑥) = {𝑥 ∈ ℝ𝑁 ∶ |𝑥𝑖 − 𝑥𝑖| < 𝑟, ∀𝑖}
Anisotropic cubes 𝒦𝑟(𝑥) = {𝑥 ∈ ℝ𝑁 ∶ |𝑥𝑖 − 𝑥𝑖| < 𝑟

𝑝
𝑝𝑖 , ∀𝑖}

Cylinders 𝑄+
𝑟,𝑧(𝑥, 𝑡) = 𝒦𝑟(𝑥) × (𝑡 + (0, 𝑧])

Theorem (Ciani, G., Skrypnik, 2026)
If for some 𝜌 > 0, 𝑢 ≥ 0 is a local weak supersolution of the equation
in 𝑄+

4𝜌,(4𝜌)𝑝(𝑥0, 𝑡0)
then ∃ 𝛿0, 𝑞 ∈ (0, 1), 𝛾 > 1 depending only on the data (𝑁, 𝑝𝑖), such
that

(−∫
𝒦𝜌(𝑥0)

𝑢𝑞(𝑥, 𝑠) 𝑑𝑥)
1
𝑞

≤ 𝛾 inf
𝒦2𝜌(𝑥0)

𝑢(⋅, 𝑡),

for all 𝑡 ∈ 𝑡0 + ( 𝛿0
2 𝜌𝑝, 𝛿0𝜌𝑝).
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Energy estimates

Let 𝑢 ≥ 0 be a local weak sub(super)-solution, 𝜁 a cutoff vanishing on
𝜕𝒦𝑟(𝑥0), 𝑘 > 0, 𝑚 = 1

𝑝𝑁−1 . Then

sup
𝑡∈𝑡0+(−𝑧,0)

∫
𝒦𝑟(𝑥0)

𝑔±(𝑢𝑚, 𝑘𝑚)𝜁𝑝𝑁 + 1
𝛾 ∑

𝑖
∬

𝑄−𝑟,𝑧(𝑥0,𝑡0)

𝑢
𝑝𝑁 −𝑝𝑖
𝑝𝑁 −1 ∣𝐷𝑖(𝑢𝑚 − 𝑘𝑚)±∣𝑝𝑖𝜁𝑝𝑁

≤ ∫
𝒦𝑟(𝑥0)×{𝑡0−𝑧}

𝑔±(𝑢𝑚, 𝑘𝑚)𝜁𝑝𝑁 + 𝛾 ∬
𝑄−𝑟,𝑧(𝑥0,𝑡0)

𝑔±(𝑢𝑚, 𝑘𝑚)|𝜁𝑡|

+ 𝛾 ∑
𝑖

∬
𝑄−𝑟,𝑧(𝑥0,𝑡0)

𝑢
𝑝𝑁 −𝑝𝑖
𝑝𝑁 −1 (𝑢𝑚 − 𝑘𝑚)𝑝𝑖

± |𝐷𝑖𝜁|𝑝𝑖 .

The doubly nonlinear nature sits in the terms

𝑔±(𝑢𝑚, 𝑘𝑚) ∶= ± 1
𝑚 ∫

𝑢𝑚

𝑘𝑚
𝑠 1

𝑚 −1(𝑠 − 𝑘𝑚)± 𝑑𝑠

They respect the following estimate for some 𝛾 > 0
𝛾−1(𝑘𝑚 + 𝑢𝑚)

1
𝑚 −1(𝑢𝑚 − 𝑘𝑚)2

± ≤ 𝑔± ≤ 𝛾(𝑘𝑚 + 𝑢𝑚)
1
𝑚 −1(𝑢𝑚 − 𝑘𝑚)2

±

Everything below follows from these estimates alone.
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Refined expansion of positivity

Lemma (measure information travels in time)
Let 𝑢 ≥ 0 local weak super-solution to the equation in
𝑄 = 𝒦8(𝑥0) × (𝑡0 + (0, 1)), and ∃ 𝛼 ∈ (0, 1), 𝑘 > 0 such that

𝑃𝑡0 (𝒦1(𝑥0); 𝑢 ≥ 𝑘) ≥ 𝛼.

Then, ∃ 𝜂1, 𝛿1 ∈ (0, 1) depending only on the data and 𝛼, such that

𝑃𝑡(𝒦1(𝑥0); 𝑢 ≥ 𝜂1𝑘) ≥ 𝛼
4 ∀𝑡 ∈ 𝑡0 + (0, 𝛿1).

Here the dependence is explicit

𝛿1 ≈ 𝛼𝑝𝑁+1(1 − 𝛼)
𝛾 and 𝜂1 ≈ 𝛼

𝛾
for some 𝛾 > 0 depending only on the data.

Lemma ()
Let 𝑢 ≥ 0 local weak super-solution, and ∃ 𝑟, 𝑘 > 0, 𝛼 ∈ (0, 1) with

𝑃𝑡0 (𝒦𝑟(𝑥0); 𝑢 ≥ 𝑘) ≥ 𝛼.

Then ∃ 𝜂, 𝛿 ∈ (0, 1)

and 𝑑 > 1

depending only on the data , such that

The non-explicit dependence 𝜂 = 𝜂(𝛼) makes it hard to iterate.

The dependence on 𝛼 is now a power with exponent

𝑑 = 1 + (2 + (𝑝𝑁 + 1
𝑝1

) log2(𝜂−1))

This will make the layer-cake integral converge in a moment.

12/23



Refined expansion of positivity
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Sketch of proof for the weak Harnack inequality

We set (𝑥0, 𝑡0) = (0, 0) and

𝐼 ∶= inf
𝒦2𝜌×( 𝛿0

2 𝜌𝑝,𝛿0𝜌𝑝)
𝑢.

and we use the layer-cake formula

∫
𝒦𝜌

𝑢𝑞(𝑥, 0) 𝑑𝑥 ≤ 𝑞 ∫
∞

𝐼
∣{𝑢(⋅, 0) > 𝑘} ∩ 𝒦𝜌∣ 𝑘𝑞−1 𝑑𝑘 + 𝐼𝑞|𝒦𝜌|.

We apply the refined expansion with 𝛼(𝑘) ∶= 𝑃0(𝒦𝜌; 𝑢 > 𝑘)
We get 𝛼(𝑘)𝑑 ≤ 𝐼

𝜂𝑘 , therefore if we choose 𝑞 < 1
𝑑 then the integral

converges and gives
∫

𝒦𝜌

𝑢𝑞(⋅, 0) ≤ 𝛾𝐼𝑞|𝒦𝜌|.
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Refined 𝐿∞ bound

In order to prove a (non-weak) Harnack inequality, we refine the 𝐿∞

bound for a subsolution.
Lemma
If (𝑥0, 𝑡0) ∈ 𝐸𝑇 and 𝜃, 𝜌 > 0 such that 𝑄−

4𝜌,𝜃(4𝜌)𝑝(𝑥0, 𝑡0) ⊂ 𝐸𝑇 .

If 𝑢 ≥ 0 is a subsolution, then

sup
𝑄−

𝜌,𝜃𝜌𝑝 (𝑥0,𝑡0)
𝑢 ≤ 𝛾 𝜃

𝑁(1−𝑝𝑁 )
𝑝 𝑝𝑁 ( sup

𝑡∈𝑡0+(−𝜃𝜌𝑝,0)
−∫
𝒦𝜌(𝑥0)

𝑢𝑞(𝑥, 𝑡) 𝑑𝑥)
1
𝑞
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Upper semicontinuity

Through a De Giorgi-type lemma, we can prove the following result of
semicontinuity

Lemma
Every 𝑢 ≥ 0 local weak subsolution has an upper-semicontinuous
representative 𝑢∗.

The semicontinuous regularisation is defined as

𝑢∗(𝑥, 𝑡) ∶= ess lim sup
(𝑦,𝑠)→(𝑥,𝑡)

𝑢(𝑦, 𝑠) = lim
𝜌→0+

ess sup
𝑄𝜌(𝑥,𝑡)±

𝑢
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Weak Harnack implies Harnack

Theorem (Ciani, G., Skrypnik, 2026)
Suppose (𝑥0, 𝑡0) ∈ 𝐸𝑇 and 𝜃, 𝜌 > 0 such that 𝑄±

4𝜌, 𝛿0
4 (4𝜌)𝑝 ⊂ 𝐸𝑇 , then

sup
𝑄𝑆

𝑢 ≤ 𝛾 inf
𝑄𝐼

𝑢

with

𝑄𝑆 = 𝑄−
𝜌, 𝛿0

4 𝜌𝑝(𝑥0, 𝑡0), 𝑄𝐼 = 𝒦𝜌(𝑥0) × (𝑡0 + (𝛿0
2 𝜌𝑝, 3𝛿0

4 𝜌𝑝))

𝑄𝐼

𝑄𝑆

𝑡

𝑥
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Sketch of the proof

By the refined 𝐿∞ bound,

𝛾−1 sup
𝑄𝑆

𝑢 ≤ ( sup
𝑡∈𝑡0+(−𝜃𝜌𝑝,0)

−∫
𝒦𝜌(𝑥0)

𝑢𝑞(𝑥, 𝑡) 𝑑𝑥)
1
𝑞

.

We consider the upper-semicontinuous representative of 𝑢, then
𝑡 ↦ ‖𝑢(⋅, 𝑡)‖𝑞,𝒦𝜌

attains its sup at some 𝜏 ∈ [𝑡0 − 𝜃𝜌𝑝, 𝑡0].
We apply the weak Harnack to the right hand side to get

sup
𝑄𝑆

𝑢 ≤ 𝛾 inf
𝑄𝐼

𝑢.

with 𝑄𝐼 = 𝒦𝜌(𝑥0) × (𝜏 + ( 𝛿0
2 𝜌𝑝, 𝛿0𝜌𝑝)), up to re-scaling the time

interval, we can drop the dependency on 𝜏 .
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We apply the weak Harnack to the right hand side to get

sup
𝑄𝑆

𝑢 ≤ 𝛾 inf
𝑄𝐼

𝑢.

with 𝑄𝐼 = 𝒦𝜌(𝑥0) × (𝜏 + ( 𝛿0
2 𝜌𝑝, 𝛿0𝜌𝑝)), up to re-scaling the time

interval, we can drop the dependency on 𝜏 .
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Sub-potential lower bounds and time-decay

Theorem (Ciani, G., Skrypnik, 2026)
Let 𝑢 > 0 be a local weak solution in ℝ𝑁+1. Then ∃ 𝛾 > 0 depending
only on the data such that, for 𝑡 > 𝑠,

𝑢(𝑥, 𝑡) ≥ 𝛾−1𝑢(𝑦, 𝑠) ℬ(𝑥, 𝑡, 𝑦, 𝑠),

where

ℬ ∶= exp ⎛⎜
⎝

− ∑
𝑖

(|𝑥𝑖 − 𝑦𝑖|
𝑝𝑖

𝑡 − 𝑠 )
1

𝑝𝑖−1
⎞⎟
⎠

.

In a bounded 𝐸𝑇 the same chain gives a decay in time,

𝑢(𝑥, 𝑡) ≥ 𝛾−1( 𝑡
𝑠)

𝐴
𝑢(𝑦, 𝑠) ℬ(𝑥, 𝑡, 𝑦, 𝑠).

This result applies to the entire class of functions respecting the energy
estimates.
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Sketch of proof

Harnack chain. From the Harnack
inequality, if we set 𝜃 = 3𝛿0

4 , we get

𝑢(𝑥0, 𝑡0) ≤ 𝐶 inf
𝒦𝜌(𝑥0)

𝑢(⋅, 𝑡0 + 𝜃𝜌𝑝).

The point (𝑥, 𝑡) is reached along a
segment through 𝑛 points (𝑥𝑗, 𝑡𝑗),
each inside the forward paraboloid of
the previous one,

𝒫+(𝑥, 𝑡) = {(𝑥, 𝑡) ∶ 𝜃|𝑥𝑖 − 𝑥𝑖|
𝑝𝑖 ≤ 𝑡 − 𝑡 ∀𝑖} ,

so that 𝑢(𝑥𝑗, 𝑡𝑗) ≤ 𝐶𝑢(𝑥𝑗+1, 𝑡𝑗+1)
and 𝑢(𝑥, 𝑡)

𝑢(𝑦, 𝑠) ≤ 𝐶𝑛, with

𝑛 ≈ 1+ 𝑠
𝜃𝜌𝑝 +∑

𝑖

|𝑦𝑖|
(8𝜌)1/𝑝𝑖

+(𝜃|𝑦𝑖|𝑝𝑖

𝑠 )
1

𝑝𝑖−1

𝑥

𝑡
𝒫+(𝑥0, 𝑡0)

(𝑥, 𝑡)

(𝑥0, 𝑡0) = (𝑦, 𝑠)

ℓ

(𝑥1, 𝑡1)

𝒫+(𝑥1, 𝑡1)
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A Barenblatt-type profile

The function ℬ is a natural candidate as a solution for the prototype
equation 𝑢𝑡 = ∑𝑖 𝜕𝑖 (𝑢2−𝑝𝑖 |𝜕𝑖𝑢|𝑝𝑖−2𝜕𝑖𝑢).

Indeed,

ℬ(𝑥, 𝑡) = 𝐷 𝑡𝛼 exp ⎛⎜
⎝

− ∑
𝑖

𝑐𝑖(
|𝑥𝑖|

𝑝𝑖

𝑡 )
1

𝑝𝑖−1
⎞⎟
⎠

is a solution of the equation, for

𝑐𝑖 = ((𝑝𝑖 − 1)𝑝𝑖−1𝑝−𝑝𝑖
𝑖 )

1
𝑝𝑖−1 , 𝛼 = − ∑

𝑖
( 𝑐𝑖𝑝𝑖

𝑝𝑖 − 1)
𝑝𝑖−1

Recall that for the isotropic Trudinger’s equation, the Barenblatt
solution is

ℬ𝑝(𝑥, 𝑡) = 1
𝑡𝑁/𝑝 exp (−𝜉( |𝑥|

𝑡1/𝑝 )
𝑝

𝑝−1

) , 𝜉 = (𝑝 − 1)𝑝− 𝑝
𝑝−1
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More general structures

Weak Harnack, Harnack and the sub-potential bounds only used the
energy estimates. Hence they hold for

𝑢𝑡 − ∑
𝑖

𝐷𝑖𝐴𝑖(𝑥, 𝑡, 𝑢, 𝐷𝑢) = 0 weakly in 𝐸𝑇 ,

with 𝐴𝑖 Carathéodory functions satisfying

{𝐴𝑖(𝑥, 𝑡, 𝑠, 𝜉) 𝜉𝑖 ≥ 𝐾1 𝑠2−𝑝𝑖 |𝜉𝑖|
𝑝𝑖

|𝐴𝑖(𝑥, 𝑡, 𝑠, 𝜉)| ≤ 𝐾2 𝑠2−𝑝𝑖 |𝜉𝑖|
𝑝𝑖−1 ∀(𝑠, 𝜉) ∈ ℝ+ × ℝ𝑁 .

Such operators need not satisfy a comparison principle.

Open. Continuity of bounded solutions to the anisotropic 𝑝-Laplacian
𝑢𝑡 − ∑𝑖 𝜕𝑖(|𝜕𝑖𝑢|𝑝𝑖−2𝜕𝑖𝑢) = 0.
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The end

Thank you for your attention!
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