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12/1/26 * First idea : controllability and
flinearized) control systems

* Differential Geometry preliminaries



Controllability q
: IR → IRn

U: IR→ IRm
Consider an ODE o = ·If Sop, al

f : IR
"
IRm
,ipn

9 state

u control

&finition : the system is controllable if
yage

-IR
&

5. ulf et the solution of {917)
= f(ght) ,u(t))

9) =

9 .

passes through 92 , It at g(t) = ge



How do we know if a system is controllable ?

First idea :batthe linearization

b = =8 lin, of
-9

5 =
·#(9,2) . 6 - #It lia) ·~ = See lin. ofm

GENERAL CONTROLLABILITY
⇒

CONTROLLABILITY OF LINEARIZED
SYSTEM

*
0



Exxacuple : 1R3
{
X = Us q

= (x, y ,≈
)

j = 02
Z = xuz

equivalently g = meHXe +Mest) X2 where Xz= (); Xz=(it
The linearized system in 10, 0) is non-controftable,
because + <XI, Xc] which has dimension = 2 < 3

= < (,) (용) ,
we are

going to show that we can reach points on 410,0,2)



wher tcfo . ε)
Celti ,ee(t) = So, when t e[2, 22) fIimarizedagtemf-2

,) when t = [23,3 ε)
J0 , -e) when t- [32 , 48)

1.EthereloSellnooker, s
We have controllability
even if the lin system
_ is non-controllable

time = 4é

distauce = E
2



T travel time

if we go from 1900) to (xy , if

following trajectories that respect the control system
⇒×=Juzttdt ≤ t

θ

y
= .Tuuct)dt at 다 S 시+키y

ㆍ시티기) =T

z = Sur(t) , × (t) dt ε+ 2 1



Observation :
I can

go
from o to(00) in time (I

-

from (,0.0) to kxyxy) in time lyI
from (x ,yxy) to (ycz) in time Engl

T =( x | + (y |+4nz-xy) z(x)+(y) + 4(z)
"
+ 2(x)+ 2(y)

≤ 4 ( 1× 1 + ly | 시티
2

)

we just showed T ~(x + y1 +11



Differential Geometry preliminaries
M mooth manifold

if geM , ((M) = [f :M->R enooth] ,
(%q) = [fe((V)

at Uzq
(Equivalent) definitions of tangent space TpM neighborhood ?
(±) +qr = { V: C

∞

y)
→RlimenAt V(ff ) = f99) , V9g) +g(q) . V(f) {

(2) +pl = {γ : (-ε,ε )→µ |γ(0 ) = q{/[rozif(f -r )g ) = (for1y)]tfEcCu )
13) TpM = (Ex li=2, ...,n) {xz. ---Xnl loc. deart of i



Sketch of (1) = (3)

if V is a derivation we can prove that V(constant) = 0

and we can show that t are derivations for i,

Now we want to show that

every derivationV can be written as

W

V=Ʃ V(×i)
i=

z晶 (Exercise)



field
e

derivation of 201p) , in genera a

derivation is an operator (*(M) -> (
*

(M)
such that V(fg) = V(f) -g + V(g) · f

Vec (M) = [Derivations (O(M)- (*(M) (
This is equivalent to the notion of

taugent bundle TM -M it TM is defined
as before



If X- VesSy ther the SpH)
= X(p(t) poEM

φ(0 ) =0
has a solution at least

locally
7 so

, p : /3, 2) ->
M ot p(t, g) is defined

The vector field
in some neighborhood (-5, 3)x

is complete where UCM is a neighborhood一

when the solution y (6g)
exists FtER FgeM

o
Po



mae of a complete vector field we

can consider the map
PI. M- M

where p()
go re p(t) is the solution

of the associatedPY
,
Pet is moth in (t

,g) ODE

and PI is a 1-parameter subgroup of Diff(M)
Po = id

{ PtoPs = PsoPt = Ptrs
PEl = P

-t Cimplied by above)



Sometimes for the flow map we use therotation

Pt = exp(tx ) = etX

Exercise : a- (O (M) , at a JetX) e+:
1RXM- RR

)a ℃= alet×) = Xa
(iv .) ot(q) = a(q) + t . Xa(p) +... the usual Taylor series

__



Nos-autonomous vectorfields
ー

A na-uf is a family 3Xz + Vec(r)) teR
such that

(1) the Xf(p) is measurable EqEM ]
≡ te εcCm)

12) 9me Xf(p) is smooth VER (tip) reXeal
,

is measurable wit t
(3) for every system of coordinates is smooth wrt

a
on 1CM and every KCR compact
and ICR compact interval J c(t) , k(t)eL

*

(F) et
tel1 Xt(p)11 = c(t) ; 11Xz(y) -Xz(g)(l < k(t)119-y'll vyytk



Exple X = ZuiXilp where wist control functions
and Xif Vec (M)

the conditions above mean that will are essentially
bounded

, 11 Xill are essentially bounded,

⑪엠 ≤.
_

A non-autonomousof is autonomous when it is
constant wit t



楽GonthotayYIt
-XgitlU=

9% fM ,感r -
at

uertare=,
' nipetsa ,

has a unique solution - defined on an

for a.e. tEI and moreover

It, golte ((t to , po) is loc
. Lipschitz

wrt to + and smooth wit to go
Xt is complete if p is defined on I=R

,
& toI

PYite = f (trite , -) flow of X



Pt
,t
=
id

Ptcty " Ptrtz = Ptarts
고1 Ptetz = Ptr

, ty Simplied by the two above)

If Pts family of diffeomorphisms of M, respects
the three above

,
then its infinitesimal generator

Xt := Pislet is atonoumous iff PotoPas =Po
,
tis



ifferentialsof smooth maps

4 : M- N awoth map
between smooth manifolds

dφ . TY → TN ,d φ(0) = φfeto)~
NETqM

oration: ·of J404) = 19.14 Covariant behavior)

** = d

&: what happens when we work with vector fields ?



If XeVen(M (dQX)(4(9) : = d4(X(q) MN

qu- 9(q)
so if PeDiff(M)

then (dPX(() =(** X)(p) =&P(X(P-2() NgeM
or (dPX)p = dP(Xp-,y)



Vestfieldsand differmophsmsas openers

geM , then
o

can be seen as an operator
CO(M) - IR, atsalp) , we write ga = a(g)

XeVec(M)
,

or e Xa
,
we can write Ya = Xa

Pe Diff(r) , &↳ rop
,
we can write Pa = aoP

^

Examples at = etX(a) , X(a =Xa sometimes
…

wewrite

ตอ



Im thisnotatrnPAX =
p-
. X 0 P

≡

Adp
-
a(x)

P
*
X (φ

) = P
* X( P

-→
(q))

if at (* (M)
,

then (P*X(a = (X (nop)) op-

If an operator gXg-1 makes sense

this is denoted by Adg(X)



Lieereccus
[X 04J飛 1

。

でりた s =
0i-

te04 _eth

Lenuua : (x ,4] = X4 - 4X ^
-> Pf : at C*(M) out let's consider Jet ya =

Λ ^

= et×(φ /re=et */y( a-_ tAa +olty)) =



= et( Yo- tyXa+ OCtz)) =

= Ya -t φXa + Olt)tt ×φr- t '×φtatolto) =

= Y% tt [×δ 幽@ + Olt)

therefore thiss isl =.C-*
*
y) .

□

Exercises (2) find the coordinate expression of [X,4]ー

(2) PE DiffCU ) →
P*[ XM] = [PxX

,
P
&4]

YX, 4E Vec(M)



· Proposition : X
,
4- Vec(R) => the following are equivalent

(1) [X . 4] = 0

(2) etX. esY = e5% etX

→。( 1222 )[ X,4]= 0 ⇒ e φ = 1

= etteφet×→sa-
。

ei-te4etA
_

= 1 :
-0
et×eeth-ett

e 4
.

ets 谷 =4



# just proved that b
= est

e
-EX
. es4 . etx = es4

by uniqueness of the flow
ーー

(2 = 1) etX . e4 . etX = esY

if we derive both sides wrt s
,
then

we get e
-tfy = φ

A



Exercise : introduce j(t) : = g-tY . e
-tX

. et4 . etX
-

ぞ
: 6R
,0
→ M

=>

prove
that M(H = (SF) is 91 in a

neighborhood of 0 and M/sd) = [x, 4)
->> pot : consider u(tis) = etYesXetYesX

⇒ 琵 = - y + Ade-sx(φ ) ; = Ade-tyGx) +*

s
=

0 ; 殲区,φ ]; 殲 [ φ, -×] = [X, 4]



M(
ε) = µ (,6)

and by Taylor expansion
X

そ(tYe = aoそ (
t) = 0 lq) + t

[

X,
4
}rtolt')

and this concludes
□


