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Sub-Riemannian manifolds

Vector distributions
ー

iDef M smooth manifold
,
D rector distribution

—
:

of rank =m, is a family DpCTqM subspaces EyeM
the distribution is smooth g F Up neigh . St

Dp = Span &X1(q) . ....,Xm for some X2-Xa-Vec/US



D is involutive if [D , D] = Spau([x ,4) /X, Y =DY=D
therefore if X2

,
-

, Xm is a local base then

子 aij ot i ,×j ] =Ʃ aijXe
D is flat if EqtM 7 loc differmorphins
4 : U +R et 4Dp = Rmx 502 VyeU

ตื



Theoremr(Frobenius)
A smooth distribution is involutive if it is flat

-> Proof : FLat es involvTive

D
φ= 婆皆 (IR

µ× {o}) ⇒ Dq = Spar {×y、 -,4 u
}ifXo=

室

[Xi,X2 ] =[4*^ 0
,4年 ]= 皆[] = 0

INVOLUTIVE FLAT

Dy= SpondXy() , -- ., XmSp) , we want() =D



Let's define U.H =e@h Xi วัส" -x
⇒ Yikst) = ext×e [Xoi .X

= Cxt×Ʃ (in
@

i㎡^× )i
=

翁 ai (t) 将( t)谈 ( t) :=ain 。 e個
we denote by NICA) the solution of the ONE

i( a(H):ki ( t)



は
( t)= ( γ oai

(
t)) iin

and we finally havH = If 410)
and this proves the claim

because ex = [pt) Xk and therefore
K

the pushforward of every Xi is again a
hin

, composition of the XIS



TgM - Span { Xestribution touts,- - ,Enl }〜
bars completion

4 Ste
-
tr) = etas , e tax

... o etuXm
. eturzanto-- etra

IRh → M

飛=e …etXo() (4ctz、-tw))εDustz、-、 th)

= Dy- SpanEEte-m]
-



Therefore D is involutive EC Loc
.
there is

a cub-manifold SCM st EqtS, Dg =T,S



A Sub-Riemannian manifold is a smooth manifold M

such that JDCTM smooth rector distribution

C)ie(D} =+pu EpEM (Hörmander's condition)
LiefDq) = Span(X , [x,4] , [[x,4],z) , ... (X, 4,z, . . .>DY
repstep of the distribution is the miniural length of
the Lie brackets such that Span quie bracket ofbugthr/

=µ



(2) There exists on D a smooth scalar

product
[X ,43sR positivity def EX, Y ED

ー

A SR structure is the data of a vector bandle U
f

a sen, linear map o such that uTM

there exist a scalar product onU ↓
M



For every JR usanifold there exists a trivial

SR structure of some dimension such that

MXkEITM
ImSfly = Da
and the scalar product on D is
d to

M

induced by the scalar product on MXRY

therefore every XED is X = ImiXiizz



Admissiblecurves

A lipschitz curvey . [0 ,+]- M is admissible

if jst)+ Dyst

Working with "controts"- j(t) = [ui(t) Xi (CH)

with nict ess - bounded and measurable

γ
i

(t) =f (y (←) , u (t))



Length of an admissible curre

ly)= Tuj(E)
·
Lemma 1(j) is invariant under Lipschitzー

reparametrization
->Pref . Y : To,T] - [o,i] , Up= g04

j = j(69) · Ygg so again this is Lipschitz & admissible



espo) = !ujn= . 「 ujlecaryt . 14tll dt =
= fj(nds = 1j)

□
ー

· Lemma every
ados - curve with 1/f) is a lip.

reparametrization of an adm curve paramitrized
by arclength, mooning 1U1sR = 1



=- Ithiconds, AST) =All

l(t) is lip. & monotonic

3 : [0, 1] +M it 3(z) = U(t) if z = 1Jt)

tz

識。
!“Ztg

. ≤C-Sojordspdt. (
tr>-y6ta ) l≤alsvea/



Moreover y(t) = 3 (1 (t) ;U= -(H) - (t)

Ch = 18 H/li if it exists
, 131/sk = 1 at every

point lCH where(t)
is defined

Cl := SS : s= l(t)
, lIt)exists and thtt -o)

has dimension o (Exercise)
□



differentiabilitymindcontrolmissible curve
,
ot ever

can write jCt)=StXi

y
* (t) = (uEH)

,..., (1) is the minimal control

if I choose Xis of SR-worm = 1 &

luct))=T is minimal among
the k-uptes

st uilt)& Xilp (θ)) = j (1



the "minimal control" is the right definition of "norns"

on a SR-structure.

Meaning that

U ETM 1) ill := min {(ul : f(q,u) = v)
↳



→ u
* (H) measurable and essentially boundedLemma is

ー

Sub-Riemannizu distance

7q0 ,92
fM SR-cofd

ESp(po , q1) = int (l(p) : 0 :To , i]-> M advissible curve

st plo ) = o &γH = gel



Raschevskil - Chow theoremr

M Sub-Riemsunion refd
,
connected

,
then

(1) (M , dsr) is a metric space

(2) the topology induced by doe is the word topology

In particular dsp is continuous bot the

refd topology



→ proof ↓ respects the triangle inequality and

is cinmeatric r

Next I wan FazopotM JUzpo neighborhood
such that Ugpo (Bsr(pp , a)

&servation the property above => finiteness of the distance

because the subset Gop : d(pp ,+2)ol must be open

then by connectedness dlppg)<ppEM



La NSM is a submod
, Ja Vec(M) arch that

X(p-TqN AXeF tgeN
Then Lieg(7) cTpN EgeN
-> Pf .

SyX has a unique solution lola
therefore if XIN-TN the

=> et*(p) -N tor t small enough
by def- of EX.Y]=y if XY are targent to a



then [X4] is also tangent to N
=>iterating (iep (IfcTqN UpEN □

Laura it ESpuEX-, Xm] , Lief) = TyM FEM
thee poeM tvcan a neighborhood o 8 +Rm

7) 5 = (52 1 --., 5n) +V and n rector fields

Y1
, . . ., Yr - F such that is is a regular point

forthe map 4 : R
*
-M

, JSa- , su)re esatno ... oesYe (gpo)



Rank : if EToM ther I can't be 10--- , of

because Im (4) = Spangle , --.,Yul a Fgo
->Proof (A) dim 1 I takeYetf of Yelpol to

=> for 1521 small enough Sor euXe is

a loc , diff. between R and Ze = Fur(espo))
42 : Se+ e2/2/go)



(B) dim = 2

= to sufficiently anall 542 +F such that

42 is not taugent Is at etzXn(go)
42 : (52

,S2)+ eate
. esaYa (op)

this is a loc
,

diff
.

around (tz
, 0)

磁



(a) diwe = 3

Then 7 t
,
t? suff - susall such that at

YStt) , JUg-F which is not target
to E

2
= Fufdua)

U34c(

-po) 4slris ,Sa) =e24et2e,



Aftern steps we have

↑ = (2, -, Su) the aulln
. eSrYnwo--- . o este sgo)

dod is regular at 152 1 -.., Sn) = (thl, ..., o
Vor ㉖ Poo¤ _xl.)



Observe that we can put such a system of loc.

coordinates around
go

151-15n) heitem-

u(s 54
(S]

s=(8A1 —( Sn)

ㆁ every point in^

% % the green neigh-
hasdgr 2n . 3



We want to prove Uzg neigh . Jaso

Bar (po , 2) aU

Observe that if KCM is a compact with pointill
7 local coordinates on

K then JSp >0

much thatG admissible starting at go at

118) Sp does not ext K



C = max 1r/End.
v= D

, CTqM
gtk
II2 I

we choose Sn soch that C . SK < denc
. (p ,bk)

T

⇒ lEudy) = 「Ijalds ≤. Cidj( sllds≤ C . lgIsr


