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Good behaviour of the length minimizers

Rachevskii-Chow : (M,ds) is a metric space and

the topology induced by dr is

equivalent to thecfd topology

Collary : (M
, dsr) is locally compact

-> Proof : by continuityr) is closedFr sural

enough stpri CU for every open neigh vara
_

=> Blpr) is closed I bounded □



A length minimizer is an adm . curvef

such that 1(p) = &(f)0) , yell
· Thus : if Un : [0 , 1) -> M adm

.
and constant speed

Jujull is constant) and On-f uniformly
if limint 1/n) <+* => p admissible

and 1/f) -> liminf1(8n)



->Proof-up to a subseg I(fn) -> L = liminf ((r)

EpeM , Vp = {XsDp : 1X1l -L + S] cTqM
forn big enough just -> Vast
We want to estimate behaves wea

〜

18 (t) - (t) lu
.

--Ent)) + 10 SH - ((H)
whereI is sufficiently near to +



Ec) - fult = If YouIsIds
t

-> Conv [Vn(s) :

s[t,++s] ),
at..
"

ttE 1gnにusp' Hi 4sr
(Un(t+e) -Untlend

.

* Lincsilds = = C .(L+S) .s

Therefore O is Lipschitz Jobypathingt
is

)
previous slide ineg
.



#t
- tH)

- Conv (Vp : ge BJU ,r) )
with is so forto

inthe limit j(t) - Cour(VycH) = VolE)
this is true for every 8> /j/ =/

□



Croltary ifIn see of bugth minimizers of

constant speed and jo-f uniformly
then I is a length minimizer
Because by what we said

ICD = liminflffn) = aliment IdCIO),Jul2))) = <1890), use))
D



· Ther : ifpr is compact, then Eyet B(po,r
F length minimizer bto

go & pe
Observation M is loc opt => a pair point near_

enough has always bugth minimizers

btw ther

Idea ImEn)r) An therefore we get
unit lipschitziquity and therefore we can use A-A.

口



Recalling some Hamiltonian formalism

Legendre transform for comeI which is convex and C1

If is invertible)
f*(p) : =

然 P (px - f (x2 )

if x= x(p) is argsup
the f(x) = 4

f
*

= p
- x(p) - f(x(p)) and (f* ('(p) = x(p)

therefore f** = f



in Lagrangian formalism we want to
t,

minimize some action A = / (JPH , j() at

-> the well =known relation

so we look at (spr) as a function in i

and define pe p=



H = L
*
= PV - ( 6 qw)

because of the involutive property
((ope) = p+ - H/p , p)
with p = p(p) and v = &

op
βif we add the constraint v= q p

^=一舞then we get the usual {hamiStonian system_ ต



Poutryagin extremals

We denote by fr the curve solving

wherewilt are { juSt) = [uiCH) XiJyCH)
some control functions Jinsol =90
in 1
* ([0 , 1]- + 1R)

and Xe
,
-

, Xm Spac the distribution



We are going
to consider futur with NeL

-

/10 ,17 + IR)

Un+w(t) = 2(GiSt) +Ni(H) X: (u+w(t)

we define X(t) = Xu (t) such that

Voter(t) = P(SH) *. = Ʃ wilt) to (.-freld)

*l
%



jutv (t) = ☆ uXi/ fat~lt1) +Ni Xi furu(t) )

区 (x( t))= π ( p ☆(x(t1)) + P涨 )* * (t)
But these are the same and [uiXi=

→.hot itito-



Now we plug inside all this the constraints that

we have

Vate(0) = go
is coded in the definition

horizontality n a nn4

Uur(1) = 92

×5 )= _) () = % 免問態一



JJu) : 1o -tR Jlu)=ui ot
we are minimizingJ instead ofFil of
because in this way the minimizers are constant speed

We want to minimize J with the constraint

×Ss) = %



By the Lagrange multipliers technique
7> Je(R@ToM)

*
=RO T

*

M it

where we are

く 5 。)パ looking at J and

X2) as functions
of o



J harching for a degeneracy point of
^

배 the line × (1) = g0

if for
every defRTM

the evaluation was o
then Jof

, dx) would beㅣ ↑
×Ss) and every point in*
a los diff. at u

the green neighb. .
would be reachable



I (u+ 8~) = 专 !
'

" Ʃ(ui1f 1-N :ff1Polt

⇒ 등, = !
'

국 w)- δ (←) dt

Moreover x(t; u+se) = [SN · Yi

=j))
is always go

therefore I can integrate it



We get #shintsof /sex = 3 MH. */%9) oft
After re-normalization JE ROT*M

☆= ()theu[ t,)一 O+<d



(do,Sul) = <do , /In.isgo) et)
Y
:=Xi

= ([I N . (bo
,Yi)) dt ((t) = (p**).

= { Ʃ vlt).☆ lt

this must be trueJ증
, =영행다.암 Vchoiche N= Jre, --- , Nm)

in La



In the case we treated this implies
u(t) = (J (t)

, Xi)
for a.e. t = [0, 1]
i =I

、
- .

,
µ

NORMAL SPONTRYAGIN) EXTREMALS

the extremals
0 = (J(H , Xi) live in the

cutaugent bundle
ABNORMAL EXTREMALS We are interested

in the proj on M



Symplestic formalism
d (t) : = JPE)*60 for some dott*

*
M

=> d(t) =TjM
this is a curve in T*M

(P** is a family of diffeomorphisms in T
*

M

we would line to know some v. f. Vector) it
(P*_pT



Consider /T *M
,

l = Copp) with geM

we want to work with
peT,M

Ve TJT
*
M

we know that V .F . are associated to derivations

C(+*u) → CCTAM)
.
091pl)

f + 2
%

(+rM) , f(pp) = f(q , 0) + dfg(p) +R(q, p)
Taglor cort p



We can study the action of derivations on (OCT&M)
T:T&M -> M

by focusing on the action on

(i) Fiber constant functions a(d) = c(n(d)

(ii) linear functions (or the Fibers) (N<6
, 4 >

for some YeVec(M)
y/6) =h ( λ

,
と>



Suppose we have an autonomous vector field X

the for fiber constant functions

f afe-tX )* ,) 1
.] = X26%

)

hy((e-tX(
*

()) = (0, [x,4]) =h(x
,yz (J0)

theseuniquelydeterminea derivation o CCT-



Va = Xa

Vxhy =h[x,4]
Definition The Poisson bracket 5 .. 7 : (

*

H*M) x(
*

H*M)- (YoMー

is the unique
bilinear snew-simm form sabl = -[b,at

such that Shx , hyl =h[x
,4]

and itis a derivation S0, dsh-Smblc +Sa ,zgd



For
any - <@T

&M) we use the notation

a meaning the derivation 50· 7

After some minor verification we get that

VX = Gkx ,
- 4

therefore VX = Ty



If (xp) are the coordinates on T&M X
= (x2,- Xn)

P = (Pa, -/ Pa)

then a(x,p) = <(x) if X =Viei

hasxp) = & Pini There pi= )

{ 0 ,b=臨一器
= 숨 않 ..= 고 쁨아응

po
h☆= 至 vo 。

一Pi器



We showed that if X is autonomous

Pt() *
=
e -
tx( J*: etht in T

*y

but the same can be proven also if X
+
is

a non-but vector field

(ltt ) *=pt



Consider the 1-form SEREST*M) ach that

(S ,w) : = < 6, i w) weTy/T*M)

then in classic coordinates we have tantological
or

s = [pidxi hiouriffe
i

1- form

ระds= 2. dpinaxi is a closed nor- deg,
2-form on TMM

. Is called canonical synsplectis
structure



By linear algebra

{0 ,b} =℃ (b) = < db , q@ ) =σ( , 5
'

)

we conclude here
,
in the nextfelson

vestart by study ing d (t) = ethad.)
with these formalises


