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23/1/26 * normal extremals
* abnormal extremals

Examplesー
* 2D-Riemannian geometry
*Isoperimatric problem
* Heisenberg groupH and other
"contactl geometries



Recall
ー

Every Sub-Riemannian with is equivalent
to a fee Sub-Riemannian structure

Therefore
,
I a generating family M ×IR TM

↓
X1
,
-

, Yo it D = SpanEXe,-Xml tu
A linear on

and1XII mini : Zuixi =X) Fibers and

Im(t) = D



We saw that , if Just Us defined by
minimizes Jlu) = E uitt))ot { Gult)

=Zuilt) Xi

@ 10) = owith the constraint Un11)=2 , then We use the
notation

(1) UnIH = n(J(t)) for dHt =(p(*. X = 己uilt)Xi

do-T& M
% TM:TAM → M

(N) <J(t),Xi) =Mi(t)

(2)
[
(A) <x(z)

,X) = 0
for a.e. te [0,1]
Vi =e , ...,m



We also showed that JHt) = Pr(o) Recall :

d = (x, p)
in the cotaugent bundle T *M
This means that JC = Eg()() =Mih

In coordinates if dit) =e where hi (d = hx(d) =
= sd

, Xi>

}l
:

h= h(x
, p) because

찾 = JPJ he (O(T*M)



Also
, by our formalism

,
if at (

*

(T*M)
and at=a .et

The at = [H , al H + (0/T
*M)



Normal extremals

hi(d (t)) = (J(t), Xi) =ui(t) fiati -ym
for a.e . tf [0 , 1]

⇒λ ( t)= hilt強 ‰

By definition , Ghii = 层在 {hi , - } =专超结 ,
- }i

⇒ d (t) =t where H (d) =专导 <d , ×ix

we show that It does not depend on 5X1. -- ,Xml



HSX ) = 青強く ↓ ,X
0

>= (<λ , Ʃuli>
- 圭 lap )

θ ,(5
d

, X) - i11 ×k)
6 9GT(ㆍ)

if we have some un st ZuiXi =X
then the minimal control for X

Exercise : maximizatio problem
does the best result

_

the argusax is<d , X:>X: )(uSssn



· Theorew 6 : [0 .1]->T*M Lispchitz, is a normal extremalー

iff it is a solution of d (t) =+ (d 1t) )
and moreover u(t = n (dSt))

→☆ j(t) 1}R = H (λ (t))

+然 :
↑ (t) = t 在h 在 =

录

<λ ,
X
0 >h

2 (t) =λ (d (ε1) = 強くd , Xo ) Xi because Xizoh
□



In canonical coordinates

H (* ip) = 吉去 くpiXiz

{
i = 殲 =Ʃ p☆>×

P = 一=。 Ʃ くp , Xo> . <p , D×Xi>

Oervation : a .d(xt) = (x(t) , a plat)) "ile



for some
λ( λ (tβ) ) = δ /tβ) BT0. 17

so the projection of the flow of

a multiple of # has the same image

((t) =xJet, "Tlsm= H(d.)
therefore, curves p . byarstength live in H-"(1)



we R2(M) , U is a characteristic curve

fo w if wij , -) = 0 , jeker(w) for teTos]

· Therem : J : To , 1) -T
*M Lipschitz that stays

in #-1(c)
,
with ceRR a regular value of H,

ther

↓ is a Crepar of a) <) ↓ is a characteristic

norusal extremal carve for, 0(H-+ (c)L
canonical symp 2-form



->>Proof : ED : = TyH"(d) < TJT*M ,
dim(M) =n

,
dim(*M)=In

dim (Ed) = 2n- 2

Over M
,
Kerlot = 30l therefore dim (5/t)) = 1

by definitio 5s( , F(S)/ *Hes "-
⇒d ( t)= φ ( t2⑪

□



Abnormal extremals

λ (t) = Ʃµi; hi(d)=<λ , i>= 0 ti

⑦ H (d) = 0

Observe that in this case dyH = [16 ,Xi) Xi = 0

but we have the constant rank theorem
,
if dimDy = m

is constant then H"(0) is a smooth red

of codim = w



·Theoreur M SR-mfd (D of constant rank),ー

↓ CH"(0) Lipschitz curve
,
then

↓ is a Crepar of onl
<)disa characterise

a

abnormal extremal

→: N . ≡ H -(o) = { µ : hile) =0 Ki } CTam

IN = { uETatroruI Sdxhi, ow) =o til
= {WEaT*y | σ(w ,在 ) = o ti } =Spau{hi }

☆
r



We proved Kerign = Spanstiy.
Therefore JCH = [uist) te

with hi (b) = 0
□

D) Everything in the "abnormal setting" depends
on D but not on the metric



Example 1 : 2D-Riemannian geometry
M a Riemanian surface

Here no abn
.

extremals because <D,Xi) = 0 ti

⇒ λ = 0

Let's consider a loc orthonormal frame

Ne
,

X z j(t) = u2Xe + u2Xz
hi(d) = < 6 ,Xi)

HC6) = 圭 (i +hi)



A normal extremal respects

j(t)= hy(t)Xz + hz(t)Xz

↳-#the (SCH)) = #Chil Shuhe - ·

⑪
lis = EHt , he ?=ohe ,

hn] ha

hi =[H ,hz} = Ehrhelhy joso si
# has to be constant

,
H = E,ith-1



[Xe, ×2] = x.z + czXz cicC℃H)

[ha ,hz]sS) = < b , [X 2
, X2]) = ceha +Satr

(1) 0 = c(y(t)) coso(t) + s2(f(t)) sin Ost)

(2) j =cosplt) X2 + sinOlt) Xa

every curve that satisfies (2) is pla, it is an extremel if it satisfies (1)

In feat i-ccos(0) - Esin(0) is the good . Curv , of pst)



Observe that if JCt)CTMM is pla
d(t) e S*M C T*M

=> dIt ) = =COSO XI + sinOX, +o Co



Isoperimstric probleur
M = 1Rs

,
Aer

=

(IRY

we search inf(((f)(((0) = 90 ; U() =2 ; (A = c]
γ

we consider a SR setting in M = MXIR

5 = (g ,2) coordinates on i t

given jCt)CM , 3(t) = (j(t) ,
z (t) = /)AljisDos)



= if w= dz-A
, Zeker(w)

We consider D = Ker(w) distribution on

D = Fau { Fo =Xi + < A ,Xi > Qz / i= ziz}
S = usEatuzFr do e set Fo: = 2x

and hi := (_,Fi) i = 0.1, 2



3(H)= (e+ (x0))
= { ( h'the), hy= Cosθ, hz= sin θ
H ≡ 글 -St,hel, = ·

[F20 F2
]= CGF, + caF2 + dA (X*、*ュ )F
_

In the following,
blq2 : = dAy (4_q>,☆_(φ))



Shar hzY = the + chutb.ho

the H. system becomes

= =GosO FM + sind Fa ot M

{ =GCASO +< ·vind + beho
UHt) =m2 (3(t))

ho = จ

kgAIt)) = is -C, ·COSD - casino=by Ity · ho ((ti)



Ihcoreur non-constant abnormal extremes live in b-1(0)-
_

- Prof : Dustitut heh = o
⇒ hz = 0 = { λ ,hi} = u

. {hz , hz }
hi -o = Richel = - ↳1 She,hel

but (us
, 42) +0

=2 {hapha} = 0 =⇒ haa+cahotbho) (
a (a)

≡ 0

⇒ bld(t)=0 D



Heisenbergo greup H1 X
2
= (
*

A = (dy-yol×) X2 = Gy
dA = dxn dy

F =一望 =+ き原

GEC2 ≡ O ; b ≡ I f wown
-truvid

ah geodesics
n

.

" )



{ 学
(

t)= coso Fst sino Fr

0 = ho
·

ho = 0

(2) Got0 xHt) =1(sin(00+ tho)- sin(Pl
y (
t) =者 (cosCotth) - cos θ( o))

E(t ) = { -yxot )=( tho-sin(thol)
(4)h ==0 y(t) = cos(0lt ; y(t) = sin(8lt ; z(t) = 0



More generally if
D distr of codiu 1,

dim (D) = 2n-1

Suppose D = Ker(w) for wer
<

(M)

Consider a basis Wo=w , we, we of T
&
M

when dim (M) = 3
DI - { H +*m/ d 6 w) =0,EVeD } = <ω>



slyd = &0. α
.
ε C
∞

(M)
TLiouville form

-lpt = dslpt = ddon w + &0- do

We search for char curves of /H-) = up

upd is degenerate if would = 0
because dim ( Dd) = 4



wa select 240 · ·Solone tadal

let's check varlys (JCH ,.,; )

= 2 α
。 (λ (t)) - (☆a. fi (t)) -Condotii) )

tereis0ondw
(i(t),,). da。( .))



Conclusion dim (M) = 3, D = Ker(w)ー

then all non-trivial abu extremals
are in the Martinet set

if

lU = {yl wndw = o }
ondo≠o ty ⇒the mta called可

contact


