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"...ItIs by looking into the same problem
from different points of view that one arrives
to a complete insight of it."

Euler

ALMA MATER STUDIORUM ~ UNIVERSITA DI BOLOGNA




SRS

Ordinary Differential Equations

ODE

Scalar Linear ODE of the first order

y'(x)+

0(x)y(x) = 1(x)

The term order inc

icates the maximum order of differentiation

of the unknown function that is present in the equation.
The ODE is said to be homogeneous if f(x) = 0:

y'(x)+ p(x)y(x) =0

Theorem: Solution of the homogeneous equation
The set of solutions is given by the family of functions in the

form: y(X) _ Ce—jp(x)dx
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o Ordinary Differential Equations
ODE

Procedure to solve a homogeneous ODE with separable

y' () + p(x)y(x) =0

variables:

v
jﬁdy:-j p(x)dx M) log(y(x))=-[ p(x)dx + ¢

The general integral is: Y(X) =€ “Ipixdxee Ce

where C is a constant of integration
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Constant coefficient linear ODE
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In general, a linear ODE with constant coefficients (A)

V(X)) = Ay(X ‘—
J y(x)=24y() has solution: Y(X) = yoe/l( )
kY(Xo):Xo

solutions to y'it) = -5 yit)

y'(t) =—oy(t)
solution:

y(t) =ce™, c constant
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Ordinary Differential Equations
ODE

A first order diff. equation takes the general form

y(x)=f(x,y(x)) Vxel=|a,b]

f(x,y(x)) is a linear or nonlinear function ony.
The differential equation is satisfied by a family of
functions. The initial condition

Y(X5) =Yor X, € [a’b]

ISolates one of these solutions
(solution of the Initial Value Problem IVP)
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Initial Value Problems (IVP)

CAUCHY PROBLEM (or IVP)

Determine the solution of an ordinary differential, scalar
or vector equation, completed by appropriate Initial
conditions.

IVP associated with an ODE of the first order
Determine a function y(x), continuous and differentiable
on the interval | iIn R such that

y(x)=f(x,y(x)) Vxel=[ab]
L Y(X) =Y, Xy € [a’b]
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Systems of first order ODE

A first order SYSTEM OF m ORDINARY EQUATIONS:

RACSERACAACINNA Q) I RACOEIZE
J Y2(X)= fz(x,yl(x),...,ym(x)) < Yo(Xo) = Yo

Vo (X) = £ (X, 2%,y Vi (X))

Each unknown function Y satisfies an ODE with initial

kym(xo) = ym,O

condition. All initial conditions are specified at the same value

of the independent variable x. [ (x) = F(X,Y(x))
In compact form: —
Y(0)=Y,

Y0 = (Y1000 ¥ (X)) Yo ()= (Yag (0, Yoo
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constant coefficient linear
system of ODES

Linear first order system of ODEs

y'(x)=AXYyx)+f(x) AX)eR™, feR"
« A linear system of ODEs with constant coefficients
y(x)=Ay(x)+f(x) AeR™, feR"

— X —_
has solution  Y(X) = yOeA(X o) 4 jxo ") f (r)dz

« The system of ODEs is homogeneous iff(x) =0
« Assume A has constant coefficients and f(x) = 0,

y'(X) = Ay(x)

_ A(X—Xp)
then the solution Is y(x) o yoe
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constant coefficient linear
system of ODES

Procedure to solve a homogeneous system of ODESs:
y(X) = Ay(x) Vxel=|a,b]
<

Y (%) = Yo X, €[a,b]
When A is diagonalizable, compute the eigenvalues and the
eigenvectors of the coefficient matrix A such that

A=HAH™? H=(&,5,...5,),
’ _

HAH = A = : with  Af =4 1=12..m
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Constant coefficient linear
system of ODEs
| (x)=HTAHH "y(x) [d'(x)=Ad (x)

kH_ly(XO): H_lyo ——> \ d(XO)ZU
by changing variables to d (x)=H"y(x) n=H"y
0

This Is a decoupled set of m scalar equations
d, (x)= Ad, (x) with exact solution
|=1,2,...,m 2 (xoxo)
dl(xo)=77| d|(X)=7]|e T

The solution of the original (coupled) ODE system is

y(x)=Hd (x) Zn.e””“%. e Ity
- :yoeA(X_XO)




nth-order Differential Equation

Any mth-order differential equation, requires m
conditions to obtain a unigue solution

Y™ () = (X y(x),y (X),..., Y (X))
Y(Xo) = Y10
y'(xo) = Y20

y(m_l) (Xo) = Ymo

and it Is equivalent to a system of m equations of the
first order:
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nth-order Differential Equation

Zl(X) = Y(X)
Z,(X) =y (X)

Let;

Z;n—l(x) — Zm (X) .......




Second order ODE: Example

Linear second order differential equation for a
vibrating system with springs:

SRS NS

2
md—Z(-FC%-l-kX:O
dt dt

o

The initial conditions are x(0) = x, and x’(0) = 0.
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dt?
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Second order ODE: Example

The equation can be rewritten as a system of
two equations of the first order

dz,

— =17 (1

dz, C k
2= () +—z(t
dt (m (1) m 1()j

The initial conditions are z,(0) = x, and z,(0) = 0.
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o Second order ODE:
- Example

Predict the motion of a swinging
pendulum of mass m hanging from a
wire of length L in the absence of
friction.

Non-linear second order ODE in 8 (the
angle with the vertical):

.9"+gsin.9 =0

L
. 4
Convert into a system 7. =9
of two non-linear ODEs 1
of the first order L = 3
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A function f :I -> R Is Lipschitz (short Lip) in the interval |
If It exists a constant L such that, for whatever pair of
values (y,, ¥,) In | x I, the following upper bound holds

F(y)— T (y,)| <Ly, -,

« This is equivalent to saying that the incremental ratio of f
In the interval | is limited
‘ f (yl)_ f (yz)‘ <L

‘yl_yZ‘ -

« L is the Lipschitz constant for f if it is the lower bound of
the constants L for which the inequalities hold.

(f differentiable -> f Lip., fLip.->f continuous)
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Theorem :
Existence and unigueness of solutions

Assume that the function f(x,y) Is
1. continuous with respect to both its arguments;

2. Lipschitz-continuous with respect to its second
argument, that is, there exists a positive constant L (named
Lipschitz constant) such that

[f00y) - Tyl Lyi—v|  x<1=[ab]. vy,.y, <R,

Then the solution y = y(x) of the Cauchy problem exists, is
. e
unique and belongs to C(l): y'(x)= f (x, y(x)) e
<

V(%))=Y
y(x)eC'|a,b]
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« The Lipschitz constant measures how much f(x,y(x))
changes if we perturb y (at some fixed time x)

. Exa}mple
by, YO LA

(ﬂ)_gﬁ 071 EI_IE G:S El_ld. Cl:::'. IZII_E D:T DI_EI DTQ 1 (b} _ECI o1 02 0.3 0.4 05 08 07 08 08 1
A=-3 Asymptotically stable sol. A=3 unstable solution
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IVP is a well-posed problem

The Cauchy problem, when the function f(x,y) verifies the
Lipschitz condition, i1s a well posed problem; that is, the
solution has existence, uniqueness and has a
continuous dependence on the initial data.

From the numerical point of view, the continuous
dependence on data is essential, since one works on
approximate guantities, but it may not be sufficient for an
adequate numerical approximation.

In fact, the problem must be well conditioned: small
changes in the data leads to small variations on the
results.
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Stability vs. Conditioning

* The terms stability and conditioning are used
with a variety of meanings in Numerical
Analysis. They have in common the general
concept of the response of a set of computations
to perturbations arising from

— the data,
— the specific arithmetic used on computers.

* In other words, a numerical algorithm is not only
perturbed by the errors in the data, but also with
respect to the errors arising in the process of
computations.
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Stability

* In Mathematics the notion of stability derives from
the homonymous notion in mechanics.

* It regards the behavior of the motion of a system
when it is moved away from the equilibrium.

* Three ingredients enters in the definition, I.e.
— the existence of a reference solution, i.e. the equilibrium;

— the perturbation of the initial status (the initial
conditions);

— the duration of the motion, which is supposed to be
Infinite.
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Conditioning

« Many problems, however, do not last for a long
(in principle, infinite) time, and/or do not have an
equilibrium.

* The above concept of stability do not apply, as it
stands.

* The numerical analysts would like to know if the
dependence of the solution on data, although
continuous (if the problem is well-posed), may
result disastrous for the error growth.

* This requires the notion of Conditioning.
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"The most fundamental is the distinction
between instability in the underlying
mathematical problem and instability In
an algorithm for the (exact or approximate)
treatment of the problem".

Dahlquist

Stiffness is the ill-conditioning of the
continuous problem
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IIl-Conditioning:
linear system of ODES

The study of conditioning can be done exactly with linear ODE
systems of the type:

. ;y'(x)=AY(X)+g(x) vx el =[a,b]
x Y(%) =Y, x, €[a,b]

\

Let consider the perturbed problem
(%) { z (x)=Az(x)+9g(x)
Z(Xo) =Yy €

where z(x)=y(X;X, +¢)
et 5(X) =7 (X)— y(x) subtracting (*)-(**) we have
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IIl-Conditioning:
linear system of ODES
5'(x)= AS(x)

O(X,)=¢

Z(%,)—Y(X,) is small then (i)

(***) p

x)—y(x) issmall too
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linear system of ODEs
with solution .
5(x)= Z 7 (X_X°)§|
=1

The eigenvalues of the matrix A characterize the response of
the system to the introduction of initial value perturbations.

5(x)| > for x—>oo when Re(4)>0 atleast for one index |

5(x)|>0 for x—o when Re(4)<0 forl=12,.,m

When all the eigenvalues of the matrix A have negative
real parts we define the problem
Asymptotically Stable Problem (AS)

The y(x) curve is simply called stable if [6() it is kept limiteg
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Example

« Given the IVP system

W=y,  [%0=1
Y, (=y,  0)=-1
» Eigenvalues and eigenvectors: 11
L=Ll=-1 H-= {1
* General solutions: ] 1 _1'_ -
X
W) _ e+  ce™
yz(x)_ _1_ __1_

« Replace initial conditions:

X

y(x)=¢", y,(x)=-¢
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Esempio

« perturbing the initial conditions:

~ ~

y(0)=1+¢, y,(0)=-1
a,+a,=1+¢ a1=£, a,=1+>
a,—a, =-1 2 2

« Solution of the perturbed problem

y =fer |14l fe y P I e
. 2) *2 2

The initial error is multiplied by the amplification factor e* so
the problem is unstable.

ALMA MATER STUDIORUM ~ UNIVERSITA DI BOLOGNA




14

1.2

Solutions in [0,10]

y, eps= 0.0001

Red Yir Y2
B|Ue yl’ yZ y, eps=0.0001

1.5 T T T
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IIl-Conditioning:
nonlinear system of ODES

V(x)=f(x,y(x)) Vxel=[a,b]

L Y(X0) = Yo Xoe[a’b]

Perturbed problem
z (x) = f(x2(x))

\Z(Xo) = Yo T€
Consider the Taylor expansion of the perturbed function

f (x, z(x))= f (x, y(x)+ 5(x))
f(x2(x))=f (xy(x))+ £, (x y(x))3(x)+0(|[

set z(x)=y(x)+35(x)

at (x,y(x))

assume Of| 4|




IIl-Conditioning:
nonlinear system of ODES

Consider only the linear part

Y ()+8 ()= £ (x, yO)+ 1, (x, y(x))o(x)

Ly(xo)+5(xo)= Yot €&

AN

we get

& (x)= £, (x, y(x))5(x)

15(x,)=¢

REMARK: Jacobian matrix of f {fy(x, y(x))} _ {J f } _ of; (X, y)

wrt y has elements




lIl-Conditioning:
nonlinear system of ODES

Assuming that f,(x,y(x)) Is almost constant, I.e.

f,(x, y(x))= f,(x;. o)

we can say that, as a first approximation,
propagation of the initial error € is defined by

5(9)= 1, (%, ¥ )5(x)

L5(XO)=8
— 5(X) — gehl)

4
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IIl-Conditioning:
nonlinear system of ODES
5(X) — gehl)

§(x)| > for x—>o when Re(4)>0 atleast one index |

5(x)| >0 for x> when Re(4)<0 forl=12,..,m

« Scalar nonlinear IVP:
|f fy <0 thenthelVPiIs well-conditioned
otherwise IS 1ll-conditioned

« System of nonlinear IVPs

If all the eigenvalues A, of the Jacobian matrix f, have a

negative real part then the IVP system is ill-condirtioned
well-conditioned otherwise |
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IIl-Conditioning:
nonlinear system of ODESs

The study of the propagation of an initial perturbation
It was possible assuming:

. the term OQ\5H2) is negligible
. the Jacobian is constant

In reality these hypotheses are often not verified and the
behavior of d(x) may not be well represented by the
eigenvalues of f,(X,,yo).
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NUMERICAL METHODS for ODE:
discretization

Determine an approximate solution of the Cauchy Problem:
y (x)=f(x,y(x)) xel
Y(Xp) =Y
Basic ldea ’ ’

« Subdivide the integration interval I into N,, intervals
of length h = I/N,,; h is called the discretization step.

» Consider the sequence of points x=x,*+jh with ] = 0,1,2, ...
named nodes.

* Approximate the values of the solution y(x;) at the nodes X
and call this approximation u;. j=0,1,2,....

4

The sequence of points (x;,u;) Is the numerical solution
that approximates the solution y(x) in |
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NUMERICAL METHODS for ODE:
discretization

{ y()=f(xy(x) xel
y(Xo) = Yo
Fundamental theorem of integral calculus

Y0 ~y0) = [ 6y % <x <x

Let X’ and x” be two nodes of the discretization:

X =X X" = X+h

Then the right term is numerically integrated with a
guadrature formula.
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Some numerical Methods for

ODE

uj+1 _uj =h f (Xj ’ uj) Forward Euler

uj+1 _ uj =h f (Xj+11 uj+1) Backward Euler

U- _ U — 2h f (X U. ) Midpoint method

J+1 J! (also called the leapfrog method)
LIj-|-1 _[ f (XJ U ) + f (XJ-|-11 J+1)] Trapezoidal
(Crank-Nicolson)

uj+1_ _[f(XJ -1 l)+4f(xj’u )+f(xj+l’ j+1)]

Simpson
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2 General concepts for numerical
i) ODE methods

. humber of steps
. Explicit or implicit approaches
. stability property

. convergence property

o H~ W N -

. order of convegence
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General concepts for numerical
ODE methods

1. The number of steps

A numerical method is one-step if Vj>0 €= | One step |
u;,; depends only on u;.

A numerical method is p-step if Vj>p-1 _
u,,; depends on: (p=>2) -‘ Multistep ‘

Ui, U, U

J+1-p
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General concepts for numerical
ODE methods

2. Explicit vs Implicit approaches

A method Is said to be explicit If u;,,; Is derived directly
as a function of the known values u;, u;;

U, —u;=h f(x;,u;) Forward Euler’s Method

U, —Uu;_; =2h f(x;,u;) Midpoint Method

A method is said to be implicit if the computation of u;,,
depends implicitly on u;,, itself!

U, —U;= h f (Xj+1, Uj+1) Backward Euler’s Method

Consequently the implicit methods require at every step
solving in general a nonlinear eguation for u;
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General concepts for numerical

ODE methods
3. Stability Property

A numerical method is said to be stable If small
variations in the initial values correspond to small
variations in the solutions.

Unstable - that is, it amplifies errors

If the numerical method were not stable, the
rounding errors introduced on y, and propagated in
the calculation of f(x,,u,) at each step, would make
the calculated solution completely meaningless.
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General concepts for numerical
ODE methods

4. Convergence Property

A numerical method is said to be convergent with
respect to h if 3C > 0 independent on h s.t.

lyox)-u,|<ch)y  vi>1

where C(h) is infinitesimal with respect to h when h
tends to zero.

A zero-stable method turns out to be convergent if and
only if it is also consistent:

CONVERGENCE = ZERO-STABILITY+CONSISTENCE
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General concepts for numerical
ODE methods

5. The order of convergence

The accuracy of a convergent method is measured by the
Infinitesimal order of the error with respect to h.

Specifically, a numerical method converges with order p if

4C > 0 independ

Hy(Xj)_uj

ent on h s.t.

< C(

A

") V) =1,
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