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Toric Arrangements _

A toric arrangement A in the torus T' ~ (C*)" is a finite collection of
(translates of) hypertori { D. } . ;. Let A ~ Z™ be the character group
of T'and x. € A a character defining D..

In coordinates: the characters are x(t1,...,t,) = t7'¢5% - - - t%» and
the hypertori are

D:{(t17...7tn) S (C*)"H‘l’ltSQ"'tf{” :b}

The equations x(t) = band (—x)(t) = b—! define the same
hypertorus.
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Toric Arrangements _

A toric arrangement A in the torus T' ~ (C*)" is a finite collection of
(translates of) hypertori { D. } . ;. Let A ~ Z™ be the character group
of T'and x. € A a character defining D..

In coordinates: the characters are x(t1,...,t,) = t7'¢5% - - - t%» and
the hypertori are

D:{(th...,tn) S (C*)"|t‘1’1t§2---tz" =b}

The equations x(t) = band (—x)(t) = b—! define the same
hypertorus.

Definition

We say that I C E is (in)dependent if the characters
{Xe}eer C A =~ Z™ are linearly (in)dependent.

We want to study M(A) =T\ U,.cp De.
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Toric Arrangements

Roberto Pagaria

Analogously to the case of hyperplane ar-
rangements, we define

d(ty'es® - - ty)

be — t§1E52 - thn

We = (be - Xe)*w ==
Observe that
W1 w2 = wp;1,2 twWE;1,2 + WR;1,2;

these two-forms are linearly independent.




Toric Arrangements _

Analogously to the case of hyperplane ar-
rangements, we define

diti'ty? -t
be — t§1E52 - thn

Q/ R
Observe that
w1 - wr =wpi1,2 T wWQE1,2 + WR;1,2;

these two-forms are linearly independent.

We = (be - Xe)*w = -

Choose fp = % and define the form:

2 +zr+1
wpi = fprwywy = leog(l — ) -dlog(1 — z3y)
The form wp.; » depends on fp, choosing fp = é(ﬁ +ax+1):

Wp12 = fp w1 ws =wp;1 2+ ws-dlogz.
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Toric Arrangements

Analogously to the case of hyperplane ar-
rangements, we define

diti'ty? -t
be — t§1E52 - thn

P Q R We = (be - Xe)*w =
Observe that

w1 - wr =wpi1,2 T wWQE1,2 + WR;1,2;

these two-forms are linearly independent.

Because intersections of hypertori are, in general, not connected, the
cohomology algebra is not always generated in degree one.

We consider only forms wyy.4 where W is a c.c. of NgeaD,.
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Toric Arrangements

Consider the exponential map Tp T' — T and its pullback
H*(M(A)) — H*(M(A[P])).
The forms wg.1,2, wr;1,2 and those in H*(T') belong to the kernel.
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Toric Arrangements _

By the results about hyperplane we have:
wpia2 —wiz +wes =0 (HY(T)).

and more generally for L c.c. of N.co D,
k

Owr.c =Y (-1 'ww,c\e, =0 (H'(T)). (1)
i=0
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Toric Arrangements _

By the results about hyperplane we have:
wpia2 —wiz +wes =0 (HY(T)).

and more generally for L c.c. of N.co D,
k

dwr.c =Y (—Dww,c\, =0 (H'(T)). (1)
1=0

Theorem (De Concini, Procesi 2005)

The graded ring gr g1 (ry) H* (M (A)) is generated by ww, 4y, where v
is any element in H* (W) with the relations of eq. (1) and
multiplication given by
W AWw A = £ Z WL AA -
Lcc WnW’

Analogous results are given by Bibby ('15) and Callegaro, Delucchi
(’15) by using spectral sequences.
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Unimodular case

A toric arrangement is unimodular if all intersections N;c4 D, are
empty or connected.

We choose fiy = 1, S0 w4 = wa, - - - w,, and define

Ye = xi(w) € HY(T).
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Unimodular case _

A toric arrangement is unimodular if all intersections N;c 4D, are
empty or connected.

We choose fiy = 1, S0 w4 = wa, - - - w,, and define

e = X:(w) € HI(T)'

Theorem (De Concini, Procesi 2005)

If xo = x1 + - - + x4, then for the circuit C = (0,1, ..., q) the following
relation in cohomology holds:

dwo =y (1) Wwap.
0eA
B#0(
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Unimodular case _

A toric arrangement is unimodular if all intersections N;c 4D, are
empty or connected.

We choose fiy = 1, S0 w4 = wa, - - - w,, and define

e = X:(w) € HI(T)'

Theorem (De Concini, Procesi 2005)

If xo = x1 + - - + x4, then for the circuit C = (0,1, ..., q) the following
relation in cohomology holds:

dwo =y (1) Wwap.
0cA
B#0(

Proof.
Follows from the polynomial identity:

1—12[:@—21_[501]__[1—% O
=1

I1C[q) i€l J&I
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When xo + x1 + - - - + x4 = 0 the following factorization holds:
q

H(wi —wi—1+i—1) =0

i=1
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When xo + x1 + - - - + x4 = 0 the following factorization holds:
q

[Jwi —wiss+4i0) =0
=1
If we use —y to describe D, then we have the transformations:

w=w-1y P=-1
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e

When xo + x1 + - - - + x4 = 0 the following factorization holds:

q

H(wi —wi—1+Yi—1) =0

=1
If we use —y to describe D, then we have the transformations:

W =w—y Y=y
Choose now the following canonical form for every hyperplane D.:
Te+1 da

e

s el = 2 = e = 0

1
I
|

(a) Residues of we (b) Residues of we
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Theorem (Callegaro, D’Adderio, Delucchi, Migliorini, P. 2017)

If A is unimodular, the relations in cohomology are:
q

[[@: + it —@ioa + ciatpia) =0,
i=1
where ). cix; =0, ci = +1 or, equivalently:

ZZ |A<J cpwap = 0.

Jj=0 AZj
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Theorem (Callegaro, D’Adderio, Delucchi, Migliorini, P. 2017)

If A is unimodular, the relations in cohomology are:
q

[[@: + civdi —@io1 + cimathioa) =0,
i=1
where ). cix; =0, ci = +1 or, equivalently:

Z Z )Asilep@app = 0.

Jj=0 AZj

Notice that ¢;1); € H'(T) does not depend on the choice between y;
and —y;. A central arrangement is invariant for z — z~!, hence:

Z > (—1)Asilepmatp = 0. )

Jj=0 AZj
|B| even
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Coverings _

Consider the covering U — T of the tori u = =,
v3 = y. The hypertori lift to:

1—y = 1= Py /Qs /R
1— 23 — 1 —u?
v P /Q> /Ry
U
P /Q /Ry

4

o
/

7v
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Coverings _

Consider the covering U — T of the tori u = =,
v3 = y. The hypertori lift to:

1—y = 1= Py /Qs /R
1— 23 — 1 —u?
v P /Q2 /Ry U
Aformin U is
1 1 P R
o =TT = L g, DL

v(v—1) uv(uv — 1)

4

o
/

7v
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Coverings _

Consider the covering U — T of the tori u = =,
v3 = y. The hypertori lift to:

1—y = 1= Py /Qs /R
1—a° — 1— i
v P /Q> /Ry U
Aformin U is 4
iy _U-—uU v+1 uv + 1 P 1 /Ry
Yhnz =¥z = v(v—1) ww(uv — 1) vdudv,
its pushforward is: <

— _—U —U —U _
Wp1,2 = Wp .10 TWp,1 0t Wp1 2 =

w3 4+ udv® 4+ 40?0 + durd + 03 + 1
=3 dudv P
wv (v3 — 1) (udvd — 1)

)
[/
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Coverings _

Consider the covering U — T of the tori u = =,
v3 = y. The hypertori lift to:

1—y = 1= Py /Qs /R
1—a° — 1— i
v P /Q> /Ry U
Aformin U is 4
iy _U-—uU v+1 uv + 1 P 1 /Ry
Yhnz =¥z = v(v—1) ww(uv — 1) vdudv,
its pushforward is: <

— _—U —U —U _
Wp1,2 = Wp .10 TWp,1 0t Wp1 2 =

_ 3u3v6 + udvd + 4u?0® 4 duv® + 03 + 1dudv /
- wv (v3 — 1) (udvd — 1) P Q) R v
23y? + 23y + 42’y +day +y + 1
3 dxdy
zy(y —1) (2%y — 1)
= fpwiW2
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In general:

The form Ww, a4 = fivwa does not depend on the covering.
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In general:

The form Ww, a4 = fivwa does not depend on the covering. I

b3/ 43 /13

Remembereq (2) ool /a2 /o U
Z Z Dsilepmavp =0 (2) bl /0 /m
j=0 AZj
|B| even

4

V.
[/
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In general:

The form ww, 4 = fwwa does not depend on the covering. I

b3/ 43 /T3

Remembereq (2) ool /a2 /o
U
Z Z Dsilepmavp =0 (2) bl /0 /m
j=0 AZj
|B| even

whose pushfoward is

<+
m(A _
Z (-l (A(u)B)cwa,Azszo. » q/r

0 A
= |B| Z\gen / / 4
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In our example the formula is:

342 Sy +4x2y+4 1 1 1

Ty Ty xy;r Wyt dady — T y+ dady+
ry(y—1) (z3y — 1) r(z-1)y(y—1)

N z+1 2Py+1

w(z—1)y(ady — 1)

— dlog z*y dlog = = 0.

dzdy — % dlog y dlog z3y + dlog y dlog z+

Roberto Pagaria September 5, 2019 10/13



Theorem (Callegaro, D’Adderio, Delucchi, Migliorini, P. 2018)

The ring H* (M (A); Q) is generated by Wy . 4, Y. with relations for
every circuit C andc.c. LofC:

Z 3 (—nHsle %wW;AzpB:o

Jj=0 AZj
|B| even

Ww, AW 47 = £ E Wr,AA -
Lcc WnW!
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Theorem (Callegaro, D’Adderio, Delucchi, Migliorini, P. 2018)

The ring H* (M (A); Q) is generated by Wy . 4, Y. with relations for
every circuit C andc.c. LofC:

Z Z 1l4sile (TZ1<1|:1)B)WW;A¢B =0

Jj=0 AZj
|B| even

Ww, AW 47 = £ E Wr,AA -
Lcc WnW!

Remark

The rational cohomology ring depends only on the poset of layers
S(A) of the toric arrangement.

| A
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Example: The two toric arrangements described by

S O =
S O~
ot O =

1 11 3
N = 0 5 0 5 and Ny =
0 0 5 5

have different posets of layers and different rational cohomology
algebra. However, they describe the same arithmetic matroid and the
same matroid over Z.
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Theorem (Callegaro, D’Adderio, Delucchi, Migliorini, P. 2018)

The integral cohomology ring H* (M (A); Z) is generated by the forms
ww.a and those in H'(T; Z).
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Theorem (Callegaro, D’Adderio, Delucchi, Migliorini, P. 2018)

The integral cohomology ring H* (M (.A); Z) is generated by the forms
ww.a and those in H'(T; Z).

Example: The two toric arrangements described by

112 123
N?’_(o 7 7>a”dN4_<0 7 7)’

have the same poset of layers but different integral cohomology ring.
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Thanks for listening!

roberto.pagaria@gmail.com
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