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Hyperplane Arrangements

An hyperplane arrangement A" in a vector space V is a finite collection
of (affine) hyperplanes {He}eck.
The complement of the arrangement A" is M(A") = V' \ U.cg He.

Problem: describe H*(M(A"); Q).




Hyperplane Arrangements

An hyperplane arrangement A" in a vector space V is a finite collection
of (affine) hyperplanes {He}eck.
The complement of the arrangement A" is M(A") = V' \ U.cg He.

Problem: describe H*(M(A"); Q).

Each hyperplane H. can be defined as the zero locus of an element
ae € V* or equivalently of —ae. Consider the logarithmic form w =

* _ dae __ %
on C* and we = ¢ = ag(w) on V.

The form w,. does not depend on the sign of ae. I
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z
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Hyperplane Arrangements

An hyperplane arrangement A" in a vector space V is a finite collection
of (affine) hyperplanes {He}eck.
The complement of the arrangement A" is M(A") = V' \ U.cg He.

Problem: describe H*(M(A"); Q).

Each hyperplane H. can be defined as the zero locus of an element
ae € V* or equivalently of —ae. Consider the logarithmic form w =

* _ dae __ %
on C* and we = ¢ = ag(w) on V.

The form w,. does not depend on the sign of ae. l

Define w; = wjwj, - - - wj, for every list | = (i,..., i) C E.
If oy, tyy, ..., are linearly dependent, then w; = 0.

dz
z
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Hyperplane Arrangements

OS-relations: If C C E is a minimal dependent set, then

k
awc = Z(—l)’wc\c,. =0
i=0

or equivalently

k
H(wcf —We,)=0.
=1




Hyperplane Arrangements

OS-relations: If C C E is a minimal dependent set, then

k
E)wc = Z(—l)’wc\q =0
i=0
or equivalently
k

H(wcf —we_,) =0.

i=1

Theorem (Orlik-Solomon 1980)

The algebra H*(M(.A)) is isomorphic to the external algebra on the set
{we}ece with relations: w; = 0 for any | dependent and dw¢ = 0 for
any C circuit.




Toric Arrangements

A toric arrangement A in the torus T =~ (C*)" is a finite collection of
(translates of) hypertori {De}ece. Let A >~ Z" be the character group
of T and xe € A a character defining De.
In coordinates: the characters are x(t1,...,t) = fl t§2 -+ t2" and the
hypertori are

{(t1, ... ty) € (C)"| t*t5?--- t7" = b}
The equations x(t) = b and (—x)(t) = b~* define the same hypertorus.
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Toric Arrangements

A toric arrangement A in the torus T =~ (C*)" is a finite collection of
(translates of) hypertori {De}ece. Let A >~ Z" be the character group
of T and xe € A a character defining De.
In coordinates: the characters are x(t1, ..., ty) = tfl 1.“232 -+ t2" and the
hypertori are

{(ts.. ... th) € (C*)" | t*t5? - - - tg" = b}
The equations x(t) = b and (—x)(t) = b~* define the same hypertorus.

Definition

We say that / C E is (in)dependent if the characters {Xe}ec; C A =~ Z"
are linearly (in)dependent.

We want to study M(A) = T \ U.cg De.
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Toric Arrangements

Analogously to the case of hyperplane arrange-

ments, we define
d(t" % - - t77)

We=(1=Xe) W=7 g

Observe that

W1 Wy =Wp12+ Wg12+ Wr12;

these two-forms are linearly independent.




Toric Arrangements

Analogously to the case of hyperplane arrange-
ments, we define

pl/ a/ r we = (1= Xe)'w =
Observe that

(R )
1—t e t5

W1 Wy =Wp12+ Wg12+ Wr12;

these two-forms are linearly independent.

Choose f, = x2 + x + 1 and define the form:

Wpa2i=Fp-wy -wo = (x> 4+ x + 1)dlog(1 — x3y) Adlog(1 —y)

The form w1 depends on f,, choosing f, = 5 (% + x + 1) instead:

Wp ::?p-wl-wgzwp,12+w2-dlogy




Toric Arrangements

Analogously to the case of hyperplane arrange-
ments, we define

pl/ a/ r we = (1= Xe)'w =
Observe that

(R )
1—t e t5

W1 Wy =Wp12+ Wg12+ Wr12;

these two-forms are linearly independent.

Observation

Because intersections of hypertori are, in general, not connected, the
cohomology algebra is not always generated in degree one.

We consider only forms wy 4 where W is a c.c. of NyeaDs.
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Consider the exponential map Tp T — T and its pullback
H*(M(A)) — H*(M(A[P])).
The forms w12, Wr 12 and those in H*(T) belong to the kernel.
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Toric Arrangements

By the results about hyperplane we have:

wp12 —wiz + w3 =0 (HYT))

and more generally for W c.c. of NcecDe
k

e =3 (~Dwwc, =0 (H(T)) (1)

i=0




Toric Arrangements _

By the results about hyperplane we have:
wpi2—wiz+w =0 (HY(T))

and more generally for W c.c. of NcecDe
k

e =3 (~Dwwc, =0 (H(T)) (1)

i=0

Theorem (De Concini, Procesi 2005)

The graded ring gr 1 (yy H*(M(A)) is generated by ww a¥, where ¢ is
any element in H*(W) with the relations of eq. (1) and multiplication
given by
ww,aWww,a =+ Z Wi Ax
Lcc WnwW'

Analogous results are given by Bibby ('15) and Callegaro, Delucchi
('15).
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Unimodular case

A hypertori arrangement is unimodular if all intersections NjcaD, are
empty or connected.

We choose fiy = 1, s0 ww a = W,, * - wa, and define

Ve = Xe(w) € HY(T).




Unimodular case

A hypertori arrangement is unimodular if all intersections NjcaD, are
empty or connected.

We choose fiy = 1, s0 ww a = W,, * - wa, and define

Ye = xi(w) € HY(T).

Theorem (De Concini, Procesi 2005)

Ifxo = X1+ -+ Xq, then for the circuit C = (0,1,..., q) the
following relation in cohomology holds.
Owc = Z(—l)e(A)OJAQPB

0€A
B#0




Unimodular case

A hypertori arrangement is unimodular if all intersections NjeaD, are
empty or connected.

We choose fiy = 1, s0 ww a = W,, * - wa, and define

Ye = xi(w) € HY(T).

Theorem (De Concini, Procesi 2005)

Ifxo = X1+ -+ Xq, then for the circuit C = (0,1,..., q) the
following relation in cohomology holds.

dwe = Z(—l)E(A)wA¢B

0€A
B#0

Proof.
Follows from the polynomial identity:

1—ﬁx,-:2Hx,-H(1—xj) O

IClql i€l jgl
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When xo + X1 + - - + Xq = 0 the following factorization holds:
q
[T(wi —wis +9i1) =0

i=1
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When xo + X1 + - - + Xq = 0 the following factorization holds:
q
[T(wi —wis +9i1) =0

i=1
If we use —x to describe D, then we have the transformations:
Ww=w-—1

V=~
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When xo + X1 + - - + Xq = 0 the following factorization holds:
q
[T(wi —wis +9i1) =0

i=1
If we use —x to describe D, then we have the transformations:

Ww=w—-1
V=
Choose now the following canonical form for every hyperplane D,:
X, 1
We = We + W = 2We — Yo = dee
Xe(Xe — 1)

(e) Residues of we (f) Residues of we
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Theorem (Callegaro, D'Adderio, Delucchi, Migliorini, P. 2017)

If A is unimodular, the relations in cohomology are:

q
[[@i + ¥ —wi1 + ciawpia) =0
i=1

where Y. cixi =0, ¢; = £1 or, equivalently:

k
Z Z(—l)lAS‘CBwA’(/}B =0

Jj=0 AZj
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Theorem (Callegaro, D'Adderio, Delucchi, Migliorini, P. 2017)

If A is unimodular, the relations in cohomology are:
q
[[@i + ¥ —wi1 + ciawpia) =0

=1
where Y. cixi =0, ¢; = £1 or, equivalently:
k

Z Z(—l)lAS‘CBwA’(I}B =0

Jj=0 AZj

Notice that ¢y, € Hl(T) does not depend on the choice between x;
and —x;. A central arrangement is invariant for z — z7!, hence:

K
Y (—1)"lcswags =0 (2)

J=0 AZj
|B] even
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Coverings

Consider the covering U — T of the tori v = x,
v3 = y. The hypertori lift to:
1—y — 1—v3

3

1—X3y — 1— v

P3l/ 4z / I3
P2/ a2 n
P/ a1/ n
p q r




Coverings

Consider the covering U — T of the tori v = x,
v3 = y. The hypertori lift to:

oy o 1.3 P\ /a3 /I3
1—x3y — 1—udv3 P/ Q2 /1> U
A formin U is
_u oYy v+l uv+1 vdudv Ty
w = = '
P12 172 7 y(v—1) uv(uv — 1)

~_ €




Coverings

Consider the covering U — T of the tori v = x,
v3 = y. The hypertori lift to:

1—y — 1—v3
1— X3y — 1—u3e
A formin U is +1 +1
U —u-u_ Vv uv
Ypi2 = Wit = v(v—1) uv(uv — 1) vdudv,

its pushforward is:
Wp12 =WY 15+ WY o+ WY 5=
p.12 = Wp 12 p2,1,2 p3.1,2 —

B+ B+ 4R A v+l
—3 + + + + + dudv

uv (v3—=1)(v3v3-1)

P3l/ 4z / I3
P2/ a2 n
P/ a1/ n
p q r




Coverings

Consider the covering U — T of the tori v = x,
v3 = y. The hypertori lift to:

1—y — 1—v3
1— X3y — 1—u3e
A formin U is +1 +1
U —u-u_ Vv uv
Ypi2 = Wit = v(v—1) uv(uv — 1) vdudv,

its pushforward is:
_ U —u —U
Wp,12 =Wy 10T Wp, 10+ Wy 10~
B+ B+ 4R A v+l
=3 dudv
uv (v3—=1)(v3v3-1)

X3y?+ 53y +4x%y +4xy +y +1
= dxdy

xy(y —1)(x3y —1)

P3l/ 4z / I3
P2/ a2 n
P/ a1/ n
p q r




In general:

The form ww a = fwwa does not depend on the covering.
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In general:
The form ww a = fwwa does not depend on the covering. I
p3\/ a3 / I3
Remember eq. (2) p2l/ G2/ 12 U
Z Z ‘A<J|CBDA1[)B =0 2) P/ a1/ n
J=0 AZj

|B| even

2
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In general:

The form ww a = fwwa does not depend on the covering. I

Remember eq. (2)

DS

J=0 AZj
|B| even

Whose pushfoward is

SDIE

J=0 AZj
|B] even

m(AL B)

(2)

1)l cgiape = 0

m(A)

ceWw APs = 0.

P3l/ a4z r3

P2/ Q2 /1
U

P/ 1 n

p q/r
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In our example the formula is:

X3y2—|—x3y+4x2y+4xy+y+ldxdy_ x+1 y+1
xy (v =1)(x°y = 1) x(x=1yly -1

x+1 x3y+1
x(x=1)y(3y — 1)

—dlogx3ydlog x = 0.

dxdy+

1
dxdy — Zdlogydlog x3y + dlog yd log x+
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Theorem (Callegaro, D'Adderio, Delucchi, Migliorini, P. 2017)

The algebra H*(M(A); Q) is generated by Wy a, Ye with relations for
every circuit C

K
m(A)
>3 3 (les i gy abs =0
J=0 AZj
|B| even
Ww AWw A = * Z WeAa-
Lecc WAw!
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Thanks for listening!
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