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1 Introduction

Welcome to this brief, but I hope complete, tour of the mathematics that
lies behind the motion of a quantum charged particle in a magnetic field.
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It may seem that choosing a constant field may simplify too much the
problem hiding most of the properties that should come out from the general
case. It will be clear that the bigger part of the properties arise, also, from
the constant case.

All the study will be centered on gauge transforms, unitary groups of
operators and assonances with the harmonic oscillator.

But let me now introduce the basic concepts, some of them already seen
in the course “Introduzione alle Meccaniche Superiori”, that will be used for
my talk.

1.1 Preliminaries

One of the key that will bring us properties and simplifications lie behind
this first definition. To lighten notations and computations, let me assume
(only for a while) A = 1.

DEFINITION 1.1. A one-parameter unitary group is a function t — U(t)
from the real numbers into the set of bounded operators on an Hilbert space
H with the following properties:

1. U(t) is a unitary operator ¥ t € R, i.e. ||UY| = ||¢| Vo € H and
UH ="H;

2. U0) =1, UU(s)=U(t+s) Vs, teR;
3. limo Ut =4 Ve H.

DEFINITION 1.2. Let U(t) be a one-parameter unitary group in a Hilbert
space H. The infinitesimal generator H of the unitary group is the linear
operator given by:

vo -1, 0

on a domain consisting of all vectors 1) for which this limit exists.

o = i

The domain D(H) of the infinitesimal generator can be shown to be dense
in H.

The quantum time evolution leads to the definition of a linear time evol-
ution operator U(t) that satisfies the definitions given above, in particular
we can show that

THEOREM 1.1. If U(t) is a unitary group with generator H in the sense
specified above and if Y(t) = U(t)y, then Yip € D(H), ¢ is a solution of the

Cauchy problem g
{ Ly (t) Z H¢(t) (2)



and D(H) is invariant under the time evolution.

Proof. Supposing 1 in D(H), limit (1) exists. The unitarity of U(t) permits
us to interchange its action with the limit. Thus, with the unitary group
properties, we obtain that

U(t)}lff%%w = }]}E)%U@)ww:
U h)—U
. U(h) -1
- v

so U(t)y € D(H), in particular this means that
Ut)D(H) C D(H), and HU(t)y — U(t)Hy = 0 Vo € D(H)

and the invariance holds.
Defining ¢ (t) = U(t)1, follows immediately that

U(t+h) — U(t)

: d
o T
and (2) is satisfied. O

The unitarity of the time evolution operator U(t) states that the scalar
product of two states ¢) and ¢ is independent of time, it means that

<P(t), p(t) >=< 1,0 > Vt € R. (3)

This imply that

0= i < Blt),pl0) >=< (t), Holt) > = < H(1), pl0) >

so, to have U(t) unitary, we need that H has to be symmetric:
<, Hp >=< Hip,p > Vip,p € D(H).
It is very easy to prove that

THEOREM 1.2. A symmetric operator has only real eigenvalues.
If Y1 and 1y are eigenvectors of a symmetric operator H belonging to different
eigenvalues By and Es, then 1y is orthogonal to vy (< 1,19 >=10).



If you know a little bit of linear operators theory, you know that the most
important property we can find in an operator is the self-adjointness. We
have seen that if U(t) is a one-parameter unitary group, its generator H have
to be symmetric. Stone’s Theorem says more:

THEOREM 1.3 (Stone’s Theorem). If U(t) is a one-parameter unitary group,
then the generator H s a self-adjoint operator. Conversely, if H is a self-
adjoint operator, then H 1is the generator of a unique one-parameter unitary
group U(t).

The self-adjointness of H give us the possibility to define the exponential

e—th as

+oo
e = E

n!
n=0

and usually the unitary group generated by H is written as
U(t) = e ™1,

As we already know, time evolution operators are generated by the energy
Hamiltonian H and, at the same time, are strictly connected with unitary
groups. We can see that this notation gives a concrete meaning to the unitary
time evolution operator U (t):

d . .
zae—“% = He %) Yy € D(H)
and if ¢ is an eigenfunction of H with eigenvalue £, then

€_ZHtg0 — 6_2Etg0.

An interesting theorem connected with self-adjoints operators states that

THEOREM 1.4. If U is a unitary operator and T is self-adjoint on D(T),
then the operator S = UTU* is self-adjoint on D(S) = UD(T). Moreover,
the unitary groups are related by

Ue—iTtU* _ e—iSt (4)
To understand better the importance of this last theorem, it’s a good

idea to introduce translations groups and Weyl’s relations, which will be
very useful in the understanding of the symmetries of the system.



1.1.1 Translations

Consider a one-dimensional wave function v and a scalar a € R, then define

Yo(x) = Y(x — a). (5)
The translation by a is the mapping
Ta Y — Yo, (6)

it’s not too difficult to show that a — 7, is a one parameter unitary group
in the sense shown.
If we consider a differentiable wave function, a short calculation gives
T(T) — (2 xr—a)—U(x d
) =) e ma) ) A

a a a—0 dx

that is the generator of the group. Recalling that the quantum Hamiltonian
momentum operator p is usually defined —i%, we may write

T, = e P

In this particular case, for infinitely differentiable 1), is easy to see (with a
Taylor series expansion around z) that

2

r(a) = U —a) = (@) —avf(@) + (@) = =
+oo  p n 00 —ina)” .
- m(‘c%) o(a) = 3 T ) = e mta)

Recalling the theorem (1.4), taken a real number b, we can define the
operator

() = e () (7)

and, recollecting that the Fourier transform F is such that p = —i% =

FYEF, we can say that p;, forms a unitary group with parameter b and gen-
erator —z. In addition, is not difficult to see that p;, describes a translation
in the momentum space, precisely

Py (z) —— (€ — b). (8)

REMARK 1.1. These last unitary groups have straightforward generalizations
to higher dimensions, precisely, if a, b € R™ and p, x are n-dimensional,

e~ _ o—ipral,—ip2az | ,~iPnan

—ix-b __ _—ix1by —ixobo . —1Znbn

(& (& € - €



1.1.2 Weyl relations

We’ll find useful some formulas coming from the calculation of the commut-
ator [7,, tp], namely, for all a, b € R,

Taph(2) = T4 (€"Y(x)) = " VP(z — a) (9)
prah(x) = (e —a) = Pz — a) (10)

In other word

THEOREM 1.5 (First-form Weyl relation). The unitary groups 7, and py
satisfy the relations

Taly =€y, Va,beR,

that is

6—zpa€sz — e—zabesze—zpa 4 a, = R,

The Weyl relation we are looking for is equivalent to this, but is expressed
in a more convenient manner. To reach this useful form, we need to reason
as follows.

Let me define the operator

W(t) = Ty’ /. (11)
[ say that W (t) form an one-parameter unitary group.

Proof. 1t suffices to use the first-form Weyl relation both to verify the group
property
W(t)W(S) = TtMth#sei(t2+s2)/2 =

_ its i(t24s2)/2 _
= e T ppe T2 =

= Tprstipse T2 = (s 4 1)
and the unitarity
wW* (t) _ /vL—tT—te_itQ/Q _ eitQT_t,u_te—itQ/Q _ T_t,u_tem/Q _ W(—t).
[

Recalling that i%nw = prytp and i%,utw = (—z)u), we can find the
generator of W(t):

d

lEW(t)lp = thMteit2/2¢ - Ttxﬂteit2/2?/1 + TtMtiQteit2/2¢ =

= PTtMtGit2/21/J - (x - t),uteitgmw + Ttﬂt(_t)eiﬁ/%/) =
i 2
= (p - x)thute ¢ /Q@D = (p - 37>W(t)1/1
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So in a suitable domain (precisely where is self-adjoint) the generator of
the unitary group W (¢) is the operator (p — z). Thus we can write

L o L o
e i(p—x)t _ e zptezactezt /2 _ PREL zptezt /2'

This calculation can be slightly generalized in the

THEOREM 1.6 (Second-form Weyl relation).

—i(ap—bx) —zpaeszemb/Q — 6sz6—1paezab/2

(& =€

1.2 The angular momentum operator

Classically speaking, considered the position coordinates z € R3 and the
momentum ones p € R?, the angular momentum is

L =z x p=(22p3 — T3P, T3p1 — T1P3, T1P2 — T2p1) € R,

Applying the substitution rule to L, we obtain the quantum angular mo-
mentum operator L = (L, Lo, L3) of a particle in three dimensions

, 0 0
Lj = —4 (ija—xl — Jila—xk) = (l’kpl - xlpk) (12)

where (7, k,1) is a cyclic permutation of (1,2, 3).
It is not difficult to see that

in fact, skipping the development of the calculus, we can see that

[Li, Le] = [(wxpr — 2ipw), (ip; — 25p1)] =
= ap, wlp; + zipelz, o] =
= ih(—zkp; + xjpr) =
ih L

1.3 Recalling the harmonic oscillator

The final part of this introduction regards the harmonic oscillator, whose
quantum Hamiltonian operator is
h2

1
Hpo=Ho+V(x) = —%A + Em(,qu:vH2

Thanks to the next theorem, the spectrum o(Hp,) consists only of isolated
eigenvalues increasing to infinity.



THEOREM 1.7. Let V(x) be a continuous function on RY satisfying V(x) > 0
for all x € R? and V(z) — oo as ||z|| — oco. Then

1. H=—A+V is self-adjoint on L*(R?);
2. o(H) consists of isolated eigenvalues {\,}5°, with A\, — 00 as n — oo.

We are mainly interested in the one-dimensional case. It is useful to
rescale the operator through the change of variable

Ty =\

with some A > 0. Now, given a wave function ¢ (z), we define the scaled
function by

ply) = d(x).
Considering the derivative, we see
d d d dy d
— - - =
V) = ) = gellg, =g, e
and
d2 2

therefore we can say that

wp(e) = $oly) and 2?%(2) = Te().

That is the Schrodinger equation can be described as follows
o, d> k1
Hiy(x) = (——)\2—2 + 513 2) e(y)-

If we choose A\ = */m_iw i.e. the value such that

R, mw? 1

— N = 13
2m 2 A2 (13)
we have reduced the problem to
1
Hip () = hw Hyew 0(y) = 1w 5 (Prew +57) 9(9) (14)
where ppew = —i%.



In quantum field theory there is a standard way to proceed that is func-
tional also for the study of the harmonic oscillator and that is the real reason
of this section. This way requires the introduction of some new operators, in
primis creation and annihilation ones:

(y - ipnew)a

—_ «l|H
(\V)

a:_+inew-
\/E(y Prew)

The following calculation states that

la,a] = aa* —a*a=
1 . . . .
= 5((y+w)(y—zp)—(y—@p)(yﬂp))=
1 . . . .
= §(y2—zyp+2py+p2—y2—Zyp+2py—p2):
1
= 5(—22'[ ) =1

proving the equation
la,a”] = aa* —a*a = 1. (15)

Thus we can rewrite the Hamiltonian H,,.,, in terms of a and a* as follows:
. 1
H,ew = a"a+ 3

This expression is said in normal form because a* appears to the left of a.
Defining the number operator as

N =a*a,

we have H,., = N + % The importance of N is that, using (15), it satisfies
the relations
Na = (aa®—1)a=aa*a—a=a(N —1) (16)
Na* = a"aa" =a"(a"a+1) =a"(N+1) (17)
giving us a sort of algebra of the operators.

We have reduced the problem to the search of the eigenvalues of N that
has the two wonderful properties written above.

THEOREM 1.8. We have



1. N>0;
2. o(N) =7Z" and each eigenvalue has multiplicity 1.

Proof. 1. Because a* is the adjoint of a, we have
<1, Nop >=< ap, ap >= [la||* > 0
for all 1.

2. From the previous point, Ny = 0 <= a) = 0. Note that the function

N

Yy

¢0:COG 2,

where ¢ is a constant, is the unique family of solution of

1 d
o= (v 3;) v =0

and hence Nt = 0. Thus, normalizing it with ¢y = (27?)_%, g is the
ground state. The commutation relation (17) implies

Na* g = a* (N + 1)y = a*Nipg + a*1hg = 0+ a* by = a1y
and, generalizing by induction,

N(@)"o = a’(N+1)(a")" "o =
— G*N(a*)nilwg + (a*)nwo —
= a*(n—1D(a)" "+ (") =
— n(@*)TL¢O

Hence
Pn = (a”)"tho
is an eigenfunction of N with eigenvalue n.
If n =0 we have
[doll* =< tho, 10 >=1=0!
and, similarly, if n = 1 we have
[o1]> = < a*thy, a*ipy >=< 1y, aa*thy >=

= <o, (14 N)pg >=< g, %o + Nipy >=
= <¢0,w0+0>:1:1!
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Therefore, by induction,

[onll? = < (a*)"o, (a")"o >=< 1o, a"(a*)"hy >=
= <o, a" taa*(a*)" My >=
= <o, a" M1+ N)(a")" My =
— < o, d (@) o + a" N (@) g >=
= <, a" Ha") "y + (n — 1)a™ " Ha*) " Yy >=
= n<th,a" " (a")" o >= g |? =

= n(n—1!=n!

so we can normalize ¢, and find the normalized eigenfunction of N
with eigenvalue n

n = ——(a*)"y. 18
It remains only to show that these are the only eigenfunctions. It

follows from the commutation relations (in a way similar as the above)
that if ¢ is any eigenfunction of N with eigenvalue A > 0, then

Na™p = (A —m)a".

Choosing m such that A—m < 0 we contradict the positivity of N unless
a™y = 0. But, recalling the initial remarks of this point’s demonstra-
tion, this implies that

a’ho = cibo (19)

for some integer 7 and a proper constant c¢. Reapplying the equation
(19) we get A = j. If we finally apply (a*)? to the equation, using the
commutation relations, we can show that 1 = ¢/¢; for another constant
', so we are done.

]

One direct consequence of this theorem is that

1
0(Hpew) = {Eg@w =n+ 3 ne N}

with eigenfunctions ¢, = ﬁ(a*)”@o or, more precisely,

11



where H,, are the Hermite polynomials of order n (they may be defined by
H,(z) = (—1)"e*” L"),

da™

Finally, coming back to the spectrum of the original harmonic oscillator
Hamiltonian, we find

U(H):{En:hu)(n-i-%) :neN}

with eigenfunctions obtained rescaling the ¢,,’s:

1 mw\ i [Tw _mw 2

2 Quantum charged particle in a magnetic field

2.1 First observations about quantum mechanics of mag-
netic fields

A simple way to introduce magnetic fields in quantum mechanics is consid-
ering the usual transition procedure from classical to quantum Hamiltonian.

Prefacing that the electric field is described by a scalar potential field and
so it can be incorporated in the potential function V(z), let’s analyze what
happens in the presence of a magnetic field.

Classically speaking, a magnetic field g(x) can be described by a vector
potential A(z) such that

B(z) = V x A(x)

so that we have automatically V - B(z) = 0.
The general Hamiltonian function H(p,x) for a particle in a magnetic field
is defined through this vector potential:

Hip.x) = o (0 — Li()
r)=—|p— -Alx
Y2 om p -
where ¢ is the charge of the particle and c is the light speed.
Looking at the formal analogy used to switch from classical to quantum
mechanics, we can define Hamiltonian operator sending H (p, x) — H(—ihV, x)

" H= % (—z’hV . %ff(x))Q. (20)

Careful readers, now, can argue that in this formal change the corres-
pondence between the classical and quantum structure is lost. We can better

12



notice it expanding the square in both cases:

C. = %ﬁ@))z =~ 2%y Aw) + Ay (21)
Q@ (p-2Aw) =L Aw) - LA pr AP (22)

The two addendum of the first equation Zp - g(x) + %ff(x) - p represent the

same function while in the quantum case they may be different operators, in
fact unless V- A =0

—

p-Alx)p(x) = —ihV - (@)9(z) = )
= —ih(V - A(z) + A(z) - p)vo(x) # A(z) - py(z).

The non commutativity of two operators leads to the presence of an uncer-
tainty principle and establish a relation between them.

2.2 Hints in the non uniqueness of the wave function
and Gauge invariance

One key point of this study, regards the analysis and the comprehension of
a bug (at least for certain aspects) that is connected with the given inter-
pretation of the quantum mechanics itself, more precisely the heart of the
question arise in the choice of normalized wave function.

In fact, if ¢/ is a normalized wave function, the multiplication with a phase
factor in {e* : X\ € R} doesn’t change the probability density represented

by ([

Now, look ad the choice of a vector potential for the magnetic field. A
particularly important step, in mathematics, is the search for existence and
uniqueness. Is the magnetic field representation unique?

One of the property of the curl is that for any differentiable function f,

V xVf=0.
Looking at the definition given, is clear that take the vector potential
A =A+Vf

is the same that take A. So, if the model is correct, the vector potentials A
and A’ describe the same magnetic field. This fact is commonly indicated
saying that “the two vector potentials are related by a gauge transformation”.

13



This freedom in the choice of the vector potential is often used to simplify
the mathematical description of the system. Frequent, in three dimensions,
is the choice of the vector potential

—

A= /1 sB(xs) x x ds (23)

that is said to be in the Poincaré gauge, i.e. is characterized by

—

Alx) -z =0.
Another frequently used gauge is the Coulomb gauge, characterized by
V- A(z) = 0.

Remark that a vector potential with this property has also the property that
p-Alz) = A(z) - p.

Clearly, it is fundamental to understand the way the gauge transforma-
tions affect the Schrodinger equation.

Suppose there is no scalar potential V' (z) and apply a gauge transforma-
tion V f where f is a real differentiable function. This transformation, some-
how, may change the description. We can consider, for example, (putting
h =m = 1) the Hamiltonian operator

H = (=¥ ~ (V)Y (24)

that describes the free motion after a gauge transformation (in fact V f cor-
responds to a field of zero strength).
Let 1 be a solution of the free Schrédinger equation and consider

oi(x) = ey (). (25)

With a simple calculation is easy to see that

(=iV — (Vf(2))pu(2) = =70 Ay ()

and so
0 oy O
9 _ i 9 _
zatgot(x) ie 8twt(x)
= 3T Ay @) =



It means that ¢; is a solution of the equation (24).

Summarizing, both ¢ and v describe the same physical state of the free
particle but they solve different equations. Therefore, in the next analysis we
must find invariant real observable to try a physical check of this model and
to give a reasonable explanation of the gauge invariance. The point is that
gauge invariance is a big useful properties but for a consistent model we need
other properties, such as suitable observables and (in general) uniqueness of
solutions...

2.3 Preparatory analysis of the magnetic field

We want to analyze the energy spectrum in a constant magnetic field. Pro-
paedeutic for the analysis is the study of a general magnetic field with con-
stant direction and of how we can reduce it in an useful form.

Hence, if the direction of E(w) is independent of z € R?, we can choose a
convenient coordinate system in such a way that

B(z) = (0,0, B(x)).
Obviously this imply that

— E)Bl 8B2 833 aB3
— . B = =
0 v 8271 + 81'2 * 8x3 81‘3

or, in other words, that B(z) is independent from z3! Thus, we have prac-
tically a bi-dimensional situation invariant with respect to the translations
along the third axis. So, in our formalism, is sufficient to consider

/Y(x) = (A1(x1, 22), As(21,22),0)
then

0 0
B(ml,:@) = 87142(1’1,.772) — 87141(1'1,1'2).
1 2

Under this hypothesis the Schrédinger equation can be written as

0 1 2 1 2 1
Lo~ (S 2a) o 20 b

and the wave function can be factorized as follows

V() = o1, 2) 0 (23). (26)
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This lead at the conclusion that v is a solution if it is true that, assumed

—

Al(xq, ) = (Ar(x1, 22), Az(21, 22)),

. 2
@%Sf)t(f?)) = —%;—xg%(xs)

- 27
Z'%Cbt(:ﬂhfm) = % (—N — %A,<x1,$2)>2¢t(1'1,$2) (27)

Recalling the (23), we may choose the Poincaré gauge and write

—

A(xy,z9) = (—xg,xl)/o sB(xs)ds.

REMARK 2.1 (Influence of the vector potential). It may happen (and it hap-
pens frequently) that the vector potential is nonzero even in regions where the
magnetic field strength is null. Assuming that the two-dimensional magnetic
field B(x) is nonzero only in some bounded region and has a non-vanishing
flux, we have

/B(a:)d% # 0.

Applying the Stoke’s theorem we obtain

7{ Aw) - ds = / V x Alz)dis / Blx)dx,

where the circulation is taken along a large circle outside the support of B.
Thus the vector potential cannot vanish everywhere on the circle, no matter
which gauge we choose.

The really interesting thing is that the vector potential influence the wave
function also in regions that are far away from the support of B.

Keeping all in mind, let us assume the constance of the magnetic field.
As already said, we can reduce the problem in two dimensions. Suppose that
for all z € R? the constant field strength is B(z) = oB € R, then choosing
the Poincaré gauge we have

S °B
A(z) = %(—xg,xl) (28)

that, in this case, coincide with the Coulomb gauge.

REMARK 2.2. Thanks to gauge invariance, we may choose a lot of vector
potential for the same field, for example, (—§B:z:2, 0) or (0, §Bx1).

Recalling the notation used in the equation (26), is known how to find
¢y, then we concentrate our attention on the ¢, and on the equation (27).

16



2.4 Energy spectrum of a charged quantum particle in
a constant magnetic field

We want to analyze the Schrédinger equation

i%@(l’) = <% (p1 + ?9@)2 + % (Pz — §x1)2> ¢e(). (29)

Introducing the wvelocity operator v = (vy,vy) where

B

v = p1+§932> (30)
B

Vo = pQ—ECL’l. (31)

we can rewrite the Hamiltonian operator for a charged particle in a bi-
dimensional constant magnetic field obtaining

1
H = 3 (vf + v%) .
If we define, as usual, the time-dependent position operator as x(t) =
eHlpe=Ht we find
d , .
Eml(t) = eMi[H, e = vy(t) (32)

in fact, noting that j # i = [v?,z;] = 0, we have

- §<U1 [vi, ;] + v, zi]vi) =
- %(Uz'[pm i) + [pi, mi]vi) =

Very interesting is the fact that under the presence of the magnetic field
the velocity operator’s components don’t commute but are canonically con-

17



jugate variables, like position and momentum operators:

B B
[v1, 0] = {Pl + 5t P2 — 5%1 =
B B :
= —5[291,901] + 5[51027]?2] =ibB;
notice also that
1
Ho = |30+ ) n] = 5000+ o)) -
1, 1 . |
= 5(1)21)1 —vvy) = —(va(v1vg — iB) — (iB + vav1)vg) =
= —iBUQ,
1, ., 9 1
[H’UZ] = 5(7)1 +1}2)7'U2 _5([0172}2]—'—[”2’”2}) =
1 , .
= 5(1)1(23 + vou1) — (VU — 1B)vy) =
= iBUl

Now we are at the turning point, and we will soon understand why in the
first section we have recalled the quantum harmonic oscillator. Let us write
in parallel two systems

{ H = $(v} + v3) { Hpo = 5(p* + 27)

[v1,v2] =iB [z,p] =i

After this parallelism we must await that the bi-dimensional magnetic
operator and the one-dimensional harmonic oscillator operator have essen-
tially the same spectrum of eigenvalues. Not only, we can try to adapt the
procedure used for the harmonic oscillator to our system.

First of all, define a sort of annihilation and creation operators

| 1 :
A= m(vl + ZUQ)
A* = 1/2|B|(U1 iy

18



Looking at the commutator

1 , :
A"A = m(vl +ivg) (v — dvg) =
= m(v% +v3 + i(vyvy — vavy)) =
1
= W(U% +v; — B)
. 1 . :
AAT = m(vl — vg) (V1 + i) =

1
= m(v%—FU%—I—B)

we find
[A, A*] = 1.

Assuming B>0, the Hamiltonian can be written as

H:B<mA+%) (33)

and, exactly with the same argument used for the harmonic oscillator, we
can conclude that H has the eigenvalues

1
n:B(n+§), n € N. (34)
Thus, we can try to search the nontrivial low-energy solution 1y such that

At = 0.

To find them we have to solve the first-order differential equation

but is evident that de variables are separated, so we can take

Yo(z) = mi(21)y2(22)

and factorize the equation obtaining the conditions

—1 8%1+§$1 Y1 (21)

=0
—1 aim-i—gﬂ@ Ya(x2) = 0

19



that are identical and can be compared with the same for the ground state
of the harmonic oscillator giving

B 2

(@) = p(z) =

and, therefore,

o(w) = et (#4+) (37)
so that we have B
Hio = S0,
Now, computing
Yo(x)d?r,
R2

we can normalize the function obtaining

R .

For B < 0, just exchange A with A* and repeat the same reasoning. We
have proved that

THEOREM 2.1. The two-dimensional constant magnetic field Hamiltonian

operator
H ! + B : + ! + b 2
= = —T = —T
5 P o T2 9 P o 12

has eigenvalues

1
E, = |B| (n—l-E), n € N.

A normalized ground state, with energy Fy = 18 given by

ola) = [ Do R

2.5 Symmetries and invariance. Final considerations

B
9

On a formal level, the harmonic oscillator and the constant magnetic field
look very similar. There is a simple correspondence between the compon-
ents of the magnetic field velocity operator and the position and momentum
operators of the harmonic oscillator.

Nevertheless, from a physical point of view, the two systems are quite
different. The particle in a constant magnetic fields (as somehow we have
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just said but we will delve in a moment) has properties which the harmonic
oscillator in phase space does not. In fact, the harmonic oscillator force dis-
tinguishes the coordinate origin as an equilibrium point, while in a magnetic
field all points are the same: despite the origin appears to be distinguished
by the properties fT(O) = (0,0), this is only due to our particular choice of
A and does not correspond to a physical property of the system. For every
a = (a1, ay) € R?, taking

a= —E(ag.ﬂfl — a173)
as a gauge transformation, we will obtain
- - B
Ao =A+Va= E(—mg + as, Ty —ay)

that vanishes in the point a. Because every gauge transformation leads to a
physically equivalent description, every point is the same as the origin.

REMARK 2.3. This reasoning can be applied also to the free particle. No
matter where the particle is, the evolution remains the same!

This translational symmetry will brings to the conclusion that all the
eigenvalues F,, in the constant magnetic field are infinitely degenerate. So
let us analyze this symmetry (and perhaps compare it with the rotational
symmetry of the system...).

2.5.1 Remarks on classical constant magnetic field motion

To analyze the translational symmetry is useful a comparison with the cor-
respondent classical motion. The classical Hamiltonian equations

iy (t) = %H(%P) =pi(t) + Faa(t)
o(t) = g H (2, p) = pa(t) — S (t)
Pr(t) = =g H(z,p) = 5 (p2(t) — S1)
Pa(t) = =g H(z,p) = § (p1(t) + 522)

can be rewritten as the (evidently) translationally invariant system

{ i1(t) = Bio(t)
Fo(t) = — By (t)

From the conservation of energy, realizing that

H = (i} + Bi3),

| —
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we can see that the absolute value of the velocity is constant and, solving the
system, we find a circular motion with constant angular velocity. Namely, if
the initial velocity is (#1(0), #2(0)) = (v, va),

{ &1 (t) = vy cos(Bt) + vy sin(Bt)
To(t) = v cos(Bt) — vy sin(Bt)

then for the position we have

xl(t) = .’i’l — %l’g(t)
_ . 39

{ Lo(t) = To + Lir (1) (39)
Thus, the classical orbit of the particle is a circle with center (Z1, T2) and

o Ll
radius ‘= .
| B

2.5.2 Symmetries and eigenvalues

Looking at the equation (39) we can deduce the quantum operator that
correspond to the center of the classical orbit:

= 1 1 1
- 1 1 1

Is interesting that
[v1,Z1] = [p1 + Saa, 321 + 52| = 2([p1, 2] + [2,p2]) =0

[v1,Zo] = [p1 + B2, 502 — 1] = p122a =0

and more precisely that, if 4, j € {1, 2},
[Ui,fi'j] = 0 and so [H, fj] =0.

For the Quantum No&ther theorem, this implies that Z; are conserved quant-
ities.
On the other hand we have a canonical commutation relation:
1 1 1 1 1 1

[T1, o] = [5371 + §p2, 5552 — Epl] = %([pl,xﬂ + [p2, x2]) = —iE-

This fact holds a very deep significance for the symmetry. In order to under-
stand it let us calculate the action of the transformations generated by z; on a
general state ¢ (z1, x2). The operator Z; generate the unitary transformation
e~'%i_ Let us consider Z;, recalling the section §1.1.1, we have

e_mjlw(xh xQ) = e—i%;m—i%pz,w(xl? xQ) =
= eii%m@*i%mw(l’l’ x2) =
; a
= e_Z%xll/) <{E17ZE2 — E) .
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Hence the transformation generated by z; is made up a shift in the variable
2o and a multiplication by a phase factor that change the momentum p; of the
particle but non its state. In particular, because of the commutation between
vy and Zy, the value of the velocity in the z; direction remains unchanged.

REMARK 2.4. A gauge transformation that shifts the vector potential to the
point (0, %) cancels the phase factor caused by this translation and con-
sequently we have the invariance under translations.

The transformation e~®72  in the same way, translate the wave function
-b
15T

by —g in the direction of z; and multiply a phase factor e™"2

We can finally say in what sense the operator z = (Z, ) generate trans-
lations.

DEFINITION 2.1. For an arbitrary w = (wy,we) € R?* we can define the
unitary operator

e—iB.wa — e—iB(il’wQ—fCQ’wl) .

This operator shifts a wave packet by w in position space and at the same
time adds the vector A(w) = Z(—ws,w1) to the momentum.

In fact, because of the commutativity of x X w and p - w, we have

e—iB:Exww($) — e—i%xxweépww(l,) —
— efzgasxww(x —w

) =
e Ay — )

Like above, we can say that the translation we have just described changes
the wave packet but doesn’t change the velocity (because of the commutation
between T and v). In other words the shift in position space changes the
velocity from p — A(zq) to p— Az +w), that in the constant magnetic field
is the same as A(zq) + A(w), but the simultaneous shift in the momentum
space cancels precisely that change preserving the velocity constant. At the
same time, the transformation that we are doing indirectly on the vector
potential is essentially a gauge, so the magnetic field remains the same.

The vector potential is not translationally invariant, there is only invari-
ance up to gauge transformation. Fortunately all the physical measurable
quantities do not depend on the choice of the gauge and in particular the
energy of the state is the same that of a shifted state.

Let 1) be an eigenfunction of H, then for some n

Hy = B
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Because of the commutativity between H and  we have
H6_iajj¢ _ e—ia:?:j Hw — Ene_iajjlb,

so the shifted eigenfunction is again an eigenfunction with the same energy.

Starting from the ground state eigenfunction, we have infinitely many
translated eigenfunction with the same energy and the same holds for every
eigenfunction for every energy level. Therefore the ground state and all the
other eigenvalues have infinite multiplicity.

The last point apropos of the symmetries regard velocity operator. Like
Z, also v; and vy generate unitary transformations:

e—illv11/)<x17x2) = e_mpl_i%IQw(xth):

= e_i%“w(xl —a,Ts)

and similarly
L _,aB
e (xq,x9) = e 2 (2, 29 — a).

Hence they generate translations in the direction of the coordinate z;. Now,
because of the non commutativity between Hamiltonian operator and v;,
there is a change in the state of the particle. The canonical conjugation
shows that the transformation generated by v; change the values of vy, on
the other hands the fact that v; and z; commutes causes that the classical
center T remain unchanged under this translations!

Recall for a while the equation (29), expanding the squares we arrive at
the following expression

1 1 /B\® B

H=Spi+p3)+5 (5 ) (@ +a3) — o (2102 — 22p1).
2 2\ 2 2

In the last term we can recognize the momentum operator L3. The other

summands represent the Hamiltonian of a two-dimensional harmonic oscil-

lator with frequency w = %:
1
Hopo(w) = é(p2 + w?2?).

Hence the Hamiltonian operator in a constant bi-dimensional magnetic

field can be written as
B B
H = Hop, (5) — EL3'
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We know from the theory that [Hap,, L3] = 0 and so
[H, Lg] = 0

As a consequence the canonical angular momentum L3 is a constant of mo-
tion. This is a very important issue because it is involved in the spherical
symmetry of the constant magnetic field Hamiltonian, property that is cent-
ral for the possibility of finding the solution of the equations in the case of
the constant magnetic field letting us move in a way similar to the hydrogen
atom and the spherical harmonic oscillator.

Moreover, the vector potential A(z) = B (—m,, 1) satisfies the relation

p- Alx) =

B
—L
2

showing that also p-/f is a conserved quantity. It means, for example, that for
a particle located at time O at the origin, the canonical angular momentum
is 0, so the canonical momentum has to be always orthogonal to the vector
potential.

3 Hints on the time evolution in a constant
magnetic field

Notice that the solutions of equation (39)

z1(t) = Ty + gvi sin(Bt) — £v, cos(Bt)
To(t) = Ty + %vl cos(Bt) + %vg sin(Bt)

can be seen, interpreting 7; and v; as quantum observables, as the solutions
of the quantum evolution equation for the observables

zi(t) = ey e (40)
given by

d :

g %i(8) = ilH, 2;(t)]. (41)

Proof. 1t comes directly from the comparison between the time-derivative of
Lj

{ L1(t) = vy cos(Bt) + vo sin(Bt) (42)

La5(t) = —vy sin(Bt) + vs cos(Bt)
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and the commutators
1 1
ilH,z1(t)] = Ez’[H, vy] sin(Bt) — Ei[H, vg] cos(Bt) =

1 1
= EBUQ sin(Bt) — E(—Bvl) cos(Bt) =
= v cos(Bt) 4 v, sin(Bt)

ilH,zo(t)] = %i[H, v1] cos(Bt) + éi[H, V9| sin(Bt) =
1 1 )
= EBUQ cos(Bt) + §<_Bvl) sin(Bt) =

= —vysin(Bt) + vq cos(Bt)

O
We can hence write the time-evolution of the velocity observables v;(t) =
ety;e~Ht a5 follow
v1(t) = vy cos(Bt) + vq sin(Bt) (43)
vo(t) = —vy sin(Bt) + vy cos(Bt)

in agreement with the classical ones and in complete analogy with the x(t)
and p(t) operators in the harmonic oscillator dynamics.

Only one last curiosity regards the analysis of the time-evolution of a
state shifted by e ' (we consider only v; for simplicity). This group of
operators, as we have already said, generates translations in the x5 direction
leaving invariant the center of motion (Z1, Z5).

If ¢(xq,x9) is an arbitrary initial state, its time-evolution is given by

Vo1, 2) = e Mp(21, 22).
Shifting ¢, we obtain

efthefiavlw(xl’l.Q) — o iHt —iav iHt e*thw(mhﬂfz) =

e Ty (1, p) =

—ia cos(Bt)vi+iasin(Bt)v
e (Bt)v1 ( )2¢t(x1,x2)

and, using the Weyl relation for the canonically conjugate operators v; and
Vg, namely

1agv2

. . . B .
1a1v1+1a2v2 — eza1a27€za1v1€
)

e
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it becomes

e—ta cos(Bt)v1+iasin(Bt)va ¢t (

X1, x?) -

_.a2B . . o
- e 5~ cos(Bt) sin(Bt) et cos(Bt)vy ela sin(Bt)va ¢t (xlu .132) —
7.0‘23 . _:aB . _.aB ..
— ¢ i%3 cos(Bt) sm(Bt)e i COS(Bt)CCQe ia cos(Bt)ple 195> sin(Bt)x1 ela 51n(Bt)p2¢t(x1’ 962) _

_;jaB —iaB i —i ja si
e~ cos(Bz‘,)acge i% s1n(Bt)ac1e zacos(Bt)plezasm(Bt)pzwt(a;h3;2) =

= e_i%(Sin(Bt)mlJrCOS(Bt)”)@/)t(xl — acos(Bt), xo + asin(Bt)).

If we consider as initial state the centered ground state

() = e~igte10” ,

its shifting ¢;(z) = e~"**2¢);(z) is a Gaussian function centered at zo = (a, 0).
Classically speaking we have a particle initially at rest at the origin that
gets shifted toward zy in a way that leave the center of the orbit invariant.
Therefore the shifted particle must have the initial velocity v = (0, —aB)
and hence it performs the circular motion z; = a(cos(Bt), —sin(Bt)) with
velocity @, = —aB(sin(Bt), cos(Bt)).

According to the classical equations of motion, the canonical momentum of
the particle is

. - B, _ _ 1.
pe = @+ Alxy) = 5(—@,9&1) + it =
1 B
= 5@ = —a;(sin(Bt), cos(Bt)).

We have a similar behavior in the quantum mechanical solution:
oi(x) = eiTlgiPre—g (@—a)? _ Py (@ — wy),

that is, a Gaussian function centered at z; with average momentum p;.

With the translation operators €% and e’ we can prepare an initial
state with an arbitrary velocity at an arbitrary position if we start with a
centered initial state with average velocity 0.
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