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The inverse of the 2D Laplace matrix on the unit square

A=MxI,+1, M, M = tridiag(—1,2,—1)

Sparsity pattern:
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The inverse of the 2D Laplace matrix on the unit square

A=MxI,+ 1, ® M, M = tridiag(—1,2,—1)

Sparsity pattern:
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The exponential decay

The classical bound (Demko, Moss & Smith):

If M spd is banded with bandwidth 5, then
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The exponential decay

The classical bound (Demko, Moss & Smith):

If M spd is banded with bandwidth 5, then

l[i—J

(M )ijl <va 7

Ve —1 1 (14+/r)?
where g := NS <1 (k=cond(M)) Y = max { Amin (M) 2Amax (M)
If f analytic in region containing spec(M): |f(M); ] < Cq%

with C, q depending on spec(M) and f (Benzi € Golub, 1999)

Many contributions: Bebendorf, Hackbusch, Benzi, Boito, Razouk, Golub, Tuma,

Concus, Meurant, Mastronardi, Ng, Tyrtyshnikov, Nabben, ...



Decay bounds for Cauchy-Stieltjes (or Markov-type) functions

FO) = [ (O —wD) (@), spee(M) € T\ (~00,0

e_tﬁ—l

fl@) =273, f(a) = <=L, fla) = 22020

* Demko etal bound useful to estimate |f(M)|x: for M spd and
£ —banded:
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(C' depends on spec(M))
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Cauchy-Stieltjes bound
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Typical decay plot for f(A)

A: Laplace operator as before
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Much richer structure

In general, A= M; & My := M, ® 1+ 1® My, M, Ms banded spd



A pause to fix the index notation “on the grid”
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Decay bounds for the exponential function
Let M be spsd, 8-banded; spec(M) C [0, 4p],

i) For pr > 1 and /4p1 < f'kjﬁ%tjl] < 2pr,

1 |k —t.\?
lexp(—7M) k| < 10exp (— [l |]> ;
S5pT I}

i) For [W] > 2pT,

ety
exp(—pr) [ epr ’
| exp(—7M )| < 10
pT
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Decay bounds for the exponential function
Let M be spsd, 8-banded; spec(M) C [0, 4p],

i) For pr > 1 and /4p1 < f'kjﬁ%tjl] < 2pr,

1 |k —t.\?
lexp(—7M) k| < 10exp (— [l |]> ;
S5pT I}

i) For [w] > 2pT,

Ry
exp(—pr) (_epr | "
|€Xp(—7'M)kt| S 10 oT |k—t|
=0
Keynote formula : exp(M1 @& M2) = exp(M7) ® exp(M2)

A=TQ M+ M ® I. Then

(exp(=7A))rt = (exp(=TM))ky 1, (eXP(=TM)) sty

for all t = (tl,tg) and k = (kl,kg) with min{\tl — kl‘, ‘tQ — kQ‘} > \/4pT[
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Decay bounds for the exponential function
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Left: whole pattern of exp(—.A)
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Right: Row 56 of exp(—.A)

|exp(—A)kt\ with kK =56 = k = (kl,kg) = (6,5)
Fort =50 =1t = (tl,tg) = (10,4) so that ‘kl — t1| >0

Fort =45 =t = (tl,tg) = (5,4) so that ‘kl —t1| ?é 0
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Decay bounds for Laplace-Stieltjes function

fn) = [ e Maa(n

e.g., f(z) =277 (0 >0), f(x) =" f(z)=e'/* f(z)=(1—e")/z,
f(x) =log(l+ 1/x), ...

e For M spd and (B-banded, M = M — A\ind

F(M)id] < /O " exp(—Amin) | (exp(—r))r|da(r)
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Decay bounds for Laplace-Stieltjes function

fn) = [ e Maa(n

eg., f(z) =27 (0> 0), f(z) = e~", f(z) = /", f(z) = (1 - e~")/a,
f(x) =log(l+ 1/x), ...

e For M spd and B-banded, M = M — A\pind
F(M )| < / exp(—Amin )| (exp(—731) )1 |da(7)
0
o For A=MQUI+1TM

(f(A))ke = /OOO(GXP(—TM))kltl(eXp(—TM))tgkgdoé(T)

then, more precise bounds for specific choices of da(7)
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Cauchy-Stieltjes functions of Kronecker sum: f(A) = /(A —wl) ™ tdy(w)
r

T f(A)er = /F T (A — wD)erdy(w),

where we can write A —wl =M QI+ 1 ® (M — wl)
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Cauchy-Stieltjes functions of Kronecker sum: f(A) = /(A —wl) ™ tdy(w)
r

T f(A)er = /F T (A — wD)erdy(w),

where we can write A —wl =M QI+ 1 ® (M — wl)

e For each t, x¢ := (A — wIl) tet, so that Xy = Xt (w) € C™**™ solution to
MX: + Xe(M — wl) = Ey, xr = vec(Xt), er = vec(FEy)

Then (e.g., Lancaster 1970)
[©.@)
Xt = —/ exp(—7M)E¢ exp(—17(M — wl))dr
0
so that (With k = (kl, kg),t = (t,tg))

o
e (wl — A) " ter = ezl Xtep, = —/ |exp(—=TM )ky 11 || exp(=T(M—wl))ty K, |AT
0

then, more precise bounds for specific choices of f...
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More applications. Using sparsity in solution strategies

MX + XM = BB"
M = tr1d1ag(—1,4, —1) & Ran’ n = 100 and B = [6507 . '7660]
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Left: pattern of X with log scale, nnz(X) = 9724

Right: Sparsity pattern of truncated ver. of X: all entries below 10~° are omitted
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More applications. Images
M: image Az with A= MTM

A “more than a man” structure
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More applications. Images
M: image Az with A= MTM

A “more than a man’ structure
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Conclusions and outlook
e Exploring/Exploiting structure is beneficial

e Generalization to d-Kronecker sum is possible, e.g.,
A=M 1 QIQI+IQMQI+1Q®1IQ® Ms

e Possibility of using quasi-sparsity (decay) information in applications ?
(already done for f(z) = 2~ 1)
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Conclusions and outlook
e Exploring/Exploiting structure is beneficial

e Generalization to d-Kronecker sum is possible, e.g.,
A=MQ~IQ~I+TQMRQI+1®1® M3

e Possibility of using quasi-sparsity information in applications ?
(already done for f(z) = 2~ 1)
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