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The problem

Approximate X in:

AX + XA" -+ BB' =0

A € R™™"™ pos.definite (x"(A+AN)x >0, 2 #0)
B € R"*s here: B=0b (s =1)
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Applications: signal processing, system and control theory

Time-invariant linear system:

x'(t) = Ax(t) + Bu(t), x(0) = xg

see, e.g., Antoulas 2005, Benner 2006




Standard Krylov subspace projection

X =~ X,, X,, €K

Galerkin condition: R :=AX,,+ X,,A" +bb" 1 K
V.!RV,, =0 K = range(V,,)




Standard Krylov subspace projection

X =~ X,, X €K

Galerkin condition: R :=AX,,+ X,,A" +bb" 1 K
V.!RV,, =0 K = range(V,,)

Assume VWIVm = 1,, and let X,,, := VmYmVnI.
Projected Lyapunov equation:
(Vi AV ) Yoo + Yo (Vih ATV, 4+ VbV, =0

0

T Y + Y I+ eje1 =0

with b = V,,e; (Saad, 1990, for K = K, (A, d); Jaimoukha & Kasenally, 1994)
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Other related approaches

e Extended projection: Different selection of IC, e.g.,
IC = /Cm(A, B)UlCm(A_l, B) (Druskin—Knizhnerman 1998, S., 2007)

e "Global” projection: (Jbilou, Messaoudi, Riquet, Sadok, 1999, 2006)

range(V) = ]Cm(A, B); V — [V17 ey Vm]
trace(V;' V;) = 0,4 # j, trace(V;' V;) = 1

e Kronecker formulation: (Preconditioning: Hochbruck & Starke, 1995)
AX+XA'+BB' =0 & (A®I+I®A)vec(X)+vec(BB') =0

e Cyclic low-rank Smith: (see, e.g., Li 2000, Penzl 2000, Benner etal)
Xo=0, X; = —2p;(A+p,)"'BB"(A+p;)~" j=1,...,¢
+HA+p; )N A-pi DX 1(A—piD) (A+p; )~ "

with r,(t) = H§:1(t —pj)s {P1,-..,pe} = argminmaxsecp () |re(t)/re(—1)]




Convergence results and a-priori bounds

e Kronecker formulation: all available results for
n?xn?
Ax = f, AeR

e Global projection methods: only a-posteriori estimates (?)

e Cyclic low-rank Smith method: results based on

re(t) =T (t=p;), {p1,...,pe} = argmin max |re(t)/re(=t)|

e Standard Krylov projection: (Robb& & Sadkane, 2002)

d2 m/2
A + X047+ 85T < (1= 755 ) IBE I

d = dist(F(A), F(—A) >0, S:X—AX +XAT

(X;qn Petrov-Galerkin, originally for the Sylvester equation)




The case of A symmetric
AX+XA"+BB' =0, X~=~X,,€Kn(ADB)

A=A"T symmetric

Let 0 < Xmin < ... < E\maX eigs of A + Anind, K= S\maX/S\mm
Then

HX T XmH

Vi+1 (VEa-1)
j\min\/g \/E‘Fl

Note: same rate as CG for (A + Apinl)z = b

(S. & Druskin 2007, cf. works of Knizhnerman)
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The case of A symmetric. An example

I I
____error norm ||X—Xm||

—6— estimate of Proposition 3.1
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A: 400 x 400 diagonal with uniformly distributed eigenvalues in [1, 10]




The case of F(A) in an ellipse £ C CT

E ellipse of center (¢, 0), foci (¢ £+ d,0) and major semi-axis a

Then
\\X—Xmuzo((i) )
T2
—E—F\/(E)Z—l r _C+amin+ C—I—amin 2_1
"7 d 2T Ty d

and amin = Amin((A+AT)/2) >0

b

Note: same rate as FOM for (A + aminl)z




The case of F(A) in an ellipse. An example

I I I
error norm ||X—Xm||

—o— estimate of Corollary 4.2
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The case of F(A) in a wedge-shaped set. An example

Generalization to a wedge-shaped convex set of C™.

15 T T T T T T T 10°

T
—___errornorm ||X—Xm||

—6—asymp. estimate of Corollary 4.6
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A: diagonal (normal) matrix on the wedge-shaped curve.

(Inclusion set from Hochbruck & Lubich, 1997)




The case of F(A) in a numerically determined set

Generalization to a Schwarz-Christoffel mapping (Driscoll, Trefethen 2002)

I
error norm ||X—Xm||

—O— asympt. estimate
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A : Toeplitz(—1,-1,2,0.1)

(SC Matlab Toolbox, T. Driscoll 1996 )




Extended Krylov subspace method

Galerkin condition: &, € K s.t.
R:=AX,, + X, A" +bb" 1L K

K=KnA B) UK, (A", B), range(V,,) = K

(Druskin-Knizhnerman 1998, S., 2007)

Projected Lyapunov equation:

WAV Y + Y (VIATY) + VIV, =0
)

ToiYo + Y T+ e1e =0




Performance evaluation

X' = Xgz + Xyy + X2, — 102x, — 1000yx, — 102x, + b(z, y)u(t)

A matrix 183 x 183

Extended Krylov

norm of relatve residual

Standard Krylov

B 1 1 1 1
10 0 10 .15 20 25
CPU Time

approximation space dim.: 146 (Standard Krylov) 112 (Extended Krylov)




Convergence analysis of Extended Krylov: A symmetric

R m
Conjecture: | X — X, || & (%) ,m=1,2,....,.
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Convergence analysis of Extended Krylov: A nonsymmetric
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A: discretization of the 3D operator L(u) = —Au + uy + u,




Comparison of convergence rates: A symmetric
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Conclusions and future work
e Good understanding of convergence of Standard Krylov method

e Similar results for B tall matrix

x Extended Krylov: K = K,,,(A, B)UK,,(A™t, B) prove conjectures
* Connection with the convergence theory of other methods

* New acceleration procedures
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