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Schedule of the course module

e lterative methods for large scale linear systems

(Today, Dec 15, 15-18)

e Stopping criteria and other effective methods + Lab (?7)
(Tomorrow, Thu, Dec 16, 11-13)

e Preconditioning
(Tomorrow, Thu, Dec 16, 15-18)

e Computational experience

(Fri, Dec 17, 9-11)

Lectures: see https://www.dm.unibo.it/ simoncin/corso.html



lterative methods for large scale linear systems
Outline
e Projection and polynomial -type methods

e Coefficient matrix role in tailoring the solution strategy
- Real symmetric or complex Hermitian
- Complex symmetric and H-symmetric

- Complex/Real non-Hermitian

e Stopping criteria and inexactness



The Problem

Ar=b or AX=DB, B=][b,...,b

A e C""™ B full column rank, s < n

e A large and sparse
e A large and structured: blocks, banded, ...
e A functional: A = CS~'D, preconditioned, integral, ...



The Problem

Ar=b or AX=DB, B=][b,...,b

A e C""™ B full column rank, s < n

e A large and sparse
e A large and structured: blocks, banded, ...
e A functional: A = CS~'D, preconditioned, integral, ...

The solution approach. Generate sequence of approximate solutions:
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Occurrence of the problem

Very broad range of applications in Engineering and Scientific

Computing

Original application context:

e Discretization of 2D and 3D PDEs

(linear steady state, nonlinear, evolutive, etc.)
e Eigenvalue problems
e Approximation of matrix functions

e \Workhorses of more advanced techniques
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“Projection” methods (or, reduction methods)

e Approximation vector space K,,. At each iteration m

{x,,} such that z,, € K,,

K,,: dimension® m, with the “expansion” property:

Km g Km—|—1

e Computation of iterate. Galerkin condition:
residual r,, :=b— Ax,, L1 K,,

= This condition uniquely defines x,, € K,,

2 At most



Optimality property of Galerkin projection method

A symmetric and positive definite. Let * be the true solution.

Galerkin property: Impose that

residual 7, :=b— Ax,,, 1 K,

Is equivalent to: Find

T, solution to min |z* — x4
reK,,

where || - || 4 is the energy norm, or A-norm, namely |[v||4 := v1 Av



Convergence and spectral properties

e In exact arithmetic (i.e., in theory), finite termination property

e A-priori bound for energy norm of the error:
If K,, =span{b, Ab,..., A™~1b}, then

k—1\"
lo — ol <2 (VA1) et ol

Amax(4) o the condition number of A

Where K — m

(Conjugate Gradients, Hestenes & Stiefel, '52)
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Convergence and spectral properties

e In exact arithmetic (i.e., in theory), finite termination property

e A-priori bound for energy norm of the error:
If K,, =span{b, Ab,..., A™~1b}, then

k—1\"
lo — ol <2 (VA1) et ol

Amax(4) o the condition number of A

Where K — m

(Conjugate Gradients, Hestenes & Stiefel, '52)

Consequences:
e Convergence: The closer k to 1 the faster

e Convergence depends on spectral properties, not directly on
problem size!
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A well established algorithm

Classical Conjugate Gradient method:
Given xg. Set rg = b — Axq, po = 70

for: =0,1,...

o — T
vt pfAp;

Titl = T; + Py
ri41 =1 — Apia;

Bir1 = rit1APi
i+l p; Ap;

DPi+1 = 7i + DiBit1
end
* At each iteration: 1 Mxv, 3 -axpys, 2 -dots

* Short-term recurrence

* Implicit space generation, no explicit computation of the orthonormal basis!
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The Conjugate Gradient method. Geometric properties

Tit1 = T; + PiQy; Ti41 = T; — Apiai Pi+1 = T4 +pz’5i+1

Ky = span{rg, Arg, ... ,Ak_lro}

For simplicity, assume x5 = 0.

* Using pg = rg = b, we have

2
ro =">b, 11 €span{rg, Arg}, 1o € span{rg, Arg, A°ro},...,

= T € Kk_|_1(A,7“0)

= Trt1 € Kiy1(A,r0),  Thge1 = pooo +prag + ... + prag
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The Conjugate Gradient method. Geometric properties

Tit1 = T; + PiQy; Ti41 = T; — Apiai Pi+1 = T4 +pz’5i+1

Ky = span{rg, Arg, ... ,Ak_lro}

For simplicity, assume x5 = 0.

* Using pg = rg = b, we have
ro =">b, 11 €span{rg, Arg}, 7o € span{rg, Arg, Azro}, e

= Tk GKk(A,To)

= Trt1 € Kiy1(A,10),  Thge1 = pooo +prag + ... + prag

* It holds

rl'r; =0, plAp; =0, foralli#j

1
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The Block Conjugate Gradient

AX =B, B=Iby,b,...,bs

Ry =B — AXy, Ph= Ry € C"*3

for k=0,1,...
ap = (PFAP,) Y (R;Ry) € C*¢
Xit1 = Xi + Pray,
Rii1 = Ry — AP
Bry1 = (PEAP,) T (Ry  APg) € C°°
Pri1 = Ry + PB4

end
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A more general picture. Nonsymmetric problems

e A normal, AA* = A*A

e A (highly) non-normal, ||AA* — A*Al| >0

e A "Hermitian” in disguise:
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A more general picture. Nonsymmetric problems

e A normal, AA* = A*A

e A (highly) non-normal, [|[AA* — A*A| >0
e A "Hermitian” in disguise:
*x A=M+o0l, 0 € C, M € R"" symmetric

*x A=M+ocH, 0 € C, M, H € R"" symmetric
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A more general picture. Nonsymmetric problems

e A normal, AA* = A*A

e A (highly) non-normal, [|[AA* — A*A| >0

e A "Hermitian” in disguise:
x A=M+4o0l, 0 € C, M € R"" symmetric
x A=M+0cH, 0 € C, M,H € R" "™ symmetric

* There exists nonsing. Herm. H € C"*™ such that HA = A*H,
e.g. M,C Hermitian

M
A= , H = ’
— B*

Q ©
I~
|
I~
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A more general picture. Nonsymmetric problems

e A normal, AA* = A*A

e A (highly) non-normal, [|[AA* — A*A| >0

e A "Hermitian” in disguise:
x A=M+4o0l, 0 € C, M € R"" symmetric
x A=M+0cH, 0 € C, M,H € R" "™ symmetric

* There exists nonsing. Herm. H € C"*™ such that HA = A*H,
e.g. M,C Hermitian

M B I
A= , H = :
-B* C —1I

x* Ar =b <& A*Ax = A*b (not recommended in general...)
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Outline

e What is the added difficulty with A non-Hermitian 7
e How to handle “Symmetry in disguise”

e Non-normal (non-Hermitian) case
* Long-term recurrences and their problems

* Coping with them =- Restarted, truncated, flexible

* Making it without = short-term recurrences

e Tricks for all trades

21



What goes “wrong” with A non-Hermitian. |

{x1}, with x, € 2o + Ki(A,1r0) = span{rg, Arg, ..., A" 1rq}
Let Vi = |v1,...,vx] be a (orthogonal) basis of Kj(A,rg). Then

T = 2o + Vi, yp € CF

A condition is required to specify vy.
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{x1}, with x, € 2o + Ki(A,1r0) = span{rg, Arg, ..., A" 1rq}
Let Vi = |v1,...,vx] be a (orthogonal) basis of Kj(A,rg). Then

T = 2o + Vi, yp € CF

A condition is required to specify y;. For instance:
ry :=b— Ax =19 — AVipyr L Ki(A, 1) Viiry =0
(Galerkin condition, again!) so that
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What goes “wrong” with A non-Hermitian. |
{x}, with 2 € 20 + Kip(A, 1) = span{rg, Arg, ..., A" 1ry}
Let Vi = |v1,...,vx] be a (orthogonal) basis of Kj(A,rg). Then
xr = 2o + Viyk, yp € CF
A condition is required to specify y;. For instance:
ry :=b— Ax =19 — AVipyr L Ki(A, 1) Viir, =0
(Galerkin condition, again!) so that
0=V.rr=Viro -V AViyr < yi s.t. (ViAVE)yr = Virg
Hence
T, = xo + Vi(VEAVL) Vi rg with  Vi'rg = eq||ro]|

And: V* AV}, upper Hessenberg (Gram-Schmidt procedure to build V},)
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What goes “wrong” with A non-Hermitian. |l

If A were Hpd = V;7AVj also Hpd = tridiagonal
Vi AV = Ly Ly, Ly, bidiagonal

L — Wiy -+ Vkle*lelelHTOH

= Xo -+ Vk_lL,;_*lL,;_llelﬂroH + PrOg

Tk—1 + PO

with Pr € span{vk_l,vk}

(development underlying Conjugate Gradients)
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What goes “wrong” with A non-Hermitian. |l

If A were Hpd = V;7AVj also Hpd = tridiagonal
Vi AV = Ly Ly, Ly, bidiagonal

L — Wiy -+ Vkle*lelelHTOH

= Xo -+ Vk—lL];_*lL];_llelHTOH + PrOg

Tk—1 + PO

with Pr € span{vk_l,vk}

(development underlying Conjugate Gradient)

A non-Hermitian = V7 AV}, only upper Hessenberg

i € span{ur, ..., vg}
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What goes “wrong” with A non-Hermitian. IlI

pr € span{vy, ..., vk}, with {v1,..., v} orthogonal basis

Alternatives
e Give up orthogonal basis, V'V, = I},
e Give up optimality condition, e.g. 7 L Ki(A,rg)

e Resume symmetry

27



Symmetry in disguise. Complex symmetric shifted systems. 1.

Case 1: A=M+ocl, MecR"”"™ oceC
E.g.: Helmholtz equation (wave problems such as vibrating strings and membranes)
Trick: replace * (conj. transp.) with T (transp.)

A=A" complex symmetric

Apply CG with T
Given zg. Set rg = b — Az, po = 7o

fori=0,1,...

Pi+1 = Ti + pifit1

end

28



Symmetry in disguise. Complex symmetric shifted systems. 2.

A=M—+ocl: Apply CG with T

Properties:
o V) real: Kr(A,rg) = Kp(A+ol,rp)
e [ does not define an inner product!
e V'AV, =V MV, + 0ol

If S(0) # 0 then V,' AV} is nonsingular = No breakdown

The same code applies in case of any A complex symmetric (4 = A")

29



H-symmetry
A is H-Hermitian if there exists H € C"*™ Hermitian, nonsingular s.t.
HA=A"H

(H-symmetric if HA = AT H with H is symmetric)

30



H-symmetry
A is H-Hermitian if there exists H € C"*™ Hermitian, nonsingular s.t.
HA=A"H

(H-symmetric if HA = AT H with H is symmetric)
If H is Hpd (and H A is also Hpd), use CG in the H-inner product:

Given xg. Set rg = b — Axq, po = 1o

fori=0,1,...

’r;k Hr;
p; HAp;

Titl = T + PiQy;

rit1 =1 — Apioy

s pr HAp;

Pi+1 = Ti + pifit1

end

(H not Hpd = see later)
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First Summary

Symmetry in disguise:
e Shifted matrices, A = M + oI, M real symmetric
e Complex symmetric matrices

e [H-symmetric or H-Hermitian matrices
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Long-term recurrences
K (A, 1) = span{rg, Arg, ..., A" 1ry}, Vi orth. basis

k
1. Arnoldi process : vg1q < Avi — Zvjh%k, that is
j=1

AVy = Vi Hy + hgy1 kvksa€r = Vi1 Hy, (Hr = V;AVL)

2. v = x0 + Viys
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Long-term recurrences
K (A, 1) = span{rg, Arg, ..., A" 1ry}, Vi orth. basis

k
1. Arnoldi process : vg1q < Avi — Zvjh%k, that is
j=1

AVy = Vi Hy + hgy1 kvksa€r = Vi1 Hy, (Hr = V;AVL)
2. v = x0 + Viys

e GMRES. Particular Petrov-Galerkin condition:

r. L AK) = Yr S.T. myin H’I“O — AkaH

e FOM. Galerkin condition: (H} nonsingular)

r. L K = yp s.t. Hyy = €1H7“0H
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GMRES
AV = Vi Hy ro = Vi+1€150

Crucial property:

myin |70 — AViy|| = myin Vi1 (€180 — Hyy)||

= myin le1B80 — Hpy|

| east squares problem expands at each iteration.

QR decomposition of H, only updated, not recomputed from scratch.
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Block GMRES
RO :B—AXO, Kk(A, Ro) :Span{ROyARO,---,Ak_lRo}’
Uy, orth. basis, Uy = [Uy,Us, ..., U] € C¥Fs

Block Arnoldi process (s MxV + Gram-Schmidt)
= AUy = UpHi + Ukr1xp+1, 6By = Upr1Hy, (Hr = Uy Aly,)

m}in | Ry — AULY || = m};n | Eip—H,Y| Ro=Up
O g ... O]
N L]
H,= (O O ]
O O ]
o O O 0O
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Block GMRES
A € RO00X6490: FD discretiz. of L(u) = —Au+ 20 u, in [~1,1]?

norm of residual

0 50 100 150 200 250 300 350
number of iterations
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Coping with long-term recurrences

Restarted, Truncated, etc variants.
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Coping with long-term recurrences

Restarted, Truncated, etc variants.

Restarted: Choose M ax.

Set x = xg, 79 = b — Ax

fori=1,2,...
z <— GMRES(A, 79, Mmax) (or other method)
r+—x+z, r9o=0b—Ax

Check Convergence

39



Restarted GMRES, an example

L(u) = —Ugy

— Uyy — Uz, + 10020,

Q

A e R™" n =1,000. GMRES(20) (m = 20)

restart

res. norm

o 1 A~ W NN =

0.0186592
0.000743465
3.638438e-05
4.77843e-07
4.65117e-09
.87182e-11

relative residual norm
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Pros and Cons
Pros:
e Shorter dependencies

e Lower and fixed memory requirements
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Pros and Cons
Pros:
e Shorter dependencies

e Lower and fixed memory requirements

Cons:
e All optimality properties are lost

K. (Ar) + K,

Mmax max ( ‘ Mmax

e Additional parameter. What value for max??

42
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A problem with the restarting parameter?

norm of relative residual

GMRES(15)

GMRES(20)

100 200

300 400 500 600 700
Number of Matrix-vector multiplies
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A problem with the restarting parameter? ... or with the method?
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Explanation

K

mmax

(A, + K (A8 +

¢ Mmax

(A, 7“(()0)) + K

mmax

GMRES: rék) c range(V(k_l) ). Almost stagnation: — rék) X v%k_l)

Mmax+1
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Explanation

(A, + K (A )Y+

° Mmax

Kmmax (A7 ’]”‘(()O)) —|_ K

mmax

GMRES: frék) c range(V(k_l) ). Almost stagnation: — 'r(()k) X vgk_l)

mmax+1

FOM: r(()k) x pF ) Subspace keeps growing

mmax+1
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Truncating

Only local orthogonalization (k-term recurrence, H,, banded)
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Truncating

Only local orthogonalization (k-term recurrence, H,, banded)

norm ot resiaual

-9 ! ! ! ! ! ! !

0 10 20 70 80

30 40 5(,
space dimension
a reasonable strategy
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...but not always good

norm ot residual

Truncating

- mm mm o mm mm me T Em Em mm mm Em mm mm W RN Em o o e e e N

: r .
DA RGE E C P

10

30 40 50 60 70 80
space dimension
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Making it without long-term recurrences: short-term recurrences for A

non-Hermitian

e Non-Hermitian Lanczos

e BiCGStab(¥): ¢ iterations of GMRES at every step

o IDR(s): 7 € Gy, where Gi1 C Gy,
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